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INTRODUCTION

The need for defining our position in space and time is an ancient one and its realization has
developed in millennium according to human understanding of the world and according to
technology available to further such understanding. The commonly used global coordinates,
the geographic longitude and latitude, or the astronomical right ascension and declination
were carefully defined with respect to Earth rotation axis and a point on the equator, conve-
niently chosen in such a way that it can be most easily and accurately realized by observation.
Much later, with the development of dynamics, the height was recognized as the third co-
ordinate, dynamically equivalent to the two horizontal coordinates, but singled out as the
coordinate in the direction of gravity. Finally, time became a full fledged coordinate only
about a hundred years ago with the development of general relativity. Until 1998, the funda-
mental catalogues of stars used as fiducial points were a realization of a dynamical reference
frame, based on a dynamical theory of motion in the Solar System. However, since 1998,
the recommended reference system is a kinematic reference frame, based on the observation
of extra-galactic radio sources. This reference frame proved to be closer to an inertial frame
than the previous one. The noise floor of ICRF2 has been shown to be around 40 pas, and
its stability within 10 pas ( ). This corresponds to around 20 cm accuracy at
typical GNSS altitude. Ephemerides still contribute to build reference frames, and are now
aligned with ICRF2.

However, the dynamical reference frame, based on motion of planets and probes in the
Solar System suffers some difficulties. First of all observations are done from Earth, so one
needs a model of Earth rotation and deformations to reduce the data. Moreover, some pa-
rameters are not well-known, like the mass of asteroids. We propose to construct a dynamical
reference system based on the motion of satellites around Earth (GNSS constellation) and
electromagnetic links between them. This construction will be sufficient to solve the problem
of positioning, and at the same time determining the spacetime geometry around Earth.

In this report, we study the relation between some preferred global coordinates and dy-

namically defined coordinates. We will show that Autonomous Basis of Coordinates (ABC)
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can precisely be defined within a framework consisting of dynamical description of GNSS
system satellites and the description of light propagation between satellites.

Autonomous Basis of Coordinates can be extended in space via emission coordinates,
if dynamics of light propagation is known throughout space. The dynamics of satellites of
a GNSS constellation is well understood, since they move in the local gravitational field,
dominated by that of the Earth, including contributions from other external bodies, such as
the Moon, Sun and planets, while their mutual interaction may be neglected due to their
very small mass compared to the Earth and to other perturbing bodies. Furthermore, it was
shown in the previous report that stochastic forces acting on satellites can be considered
as small. Therefore, it is possible to accurately describe satellite dynamics by Hamilton’s
formalism, where the system Hamiltonian is the sum of non-interacting Hamiltonians, having
the same form for each satellite. Thus, the motion of the constellation through space-time
can be considered as a Hamiltonian flow, where each member of the flow is characterized by
seven constants of motion. The flow is completely specified, if all the constants are known.

The application of the above approach requires the Hamiltonian to be expressed in specific
generalized coordinates, such as those tied to extra-galactic radio sources (ICRS). Therefore,
the scale of validity of such application depends on the accuracy by which the Hamiltonian
can be written with respect to coordinates defined outside dynamical framework. Here we
propose an original approach to the definition of coordinates: inter-satellites links continu-
ously refine orbital information, thus improving the hamiltonian and constants of motion of
satellites, and finally the global coordinates.

The two main ingredients of this framework are constants of Hamiltonian flow and the
Hamiltonian itself. In a relativistic framework the Hamiltonian applies to both satellite
dynamics and propagation of light. The Hamiltonian describing the dynamics of GNSS
satellites is rather well known, especially from the point of view of Newtonian and post-
Newtonian description. On the other hand, the constants of motion of satellites are relatively
much less accurate, because they depend on launching conditions and must be measured and
remeasured after satellites are put in orbit and may also change after a period of time due
to stochastic perturbations on satellites or even due to small unknown perturbations in
the Hamiltonian producing secular terms. Therefore, this report focuses on a mechanism for
determining constants of motion of a constellation of satellites moving in a given gravitational

field. We study three examples:
i) satellites move and light propagates in Minkowski space-time,

ii) satellites move according to Kepler’s laws, light propagates with velocity ¢ with respect

to the Keplerian frame and,

iii) satellites move and light propagates in the Schwarzschild space time.
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We justify this step by step approach by noting the result of dynamical perturbation
analysis, which states that solutions of equations of motion with a perturbed Hamiltonian
can be expressed in terms of solutions of a simpler unperturbed Hamiltonian in such a
way that the constants of motion of the unperturbed Hamiltonian become slowly varying
functions of time. It will become clear, however, how the slow variance of constants of motion

can be detected and used to construct ever more precise Hamiltonian.






THE ABC CONCEPT

A GNSS is a system of satellites in space emitting precise timing signals, often called
emission coordinates ( ; ), for the purpose of providing a
local inertial coordinate basis in space-time. In order to determine his space-time position
with respect to this basis, an observer must receive four proper times emitted by four different
satellites, his emission coordinates, at a particular moment of his time, and be able to
calculate the local inertial coordinates of the four satellites as a function of their emission
coordinates. If more than four emission coordinates are received by an observer, then the
positioning problem is over determined. In order for the GNSS system basis to be self
consistent, all combinations of emission coordinates, received at any event in space time,
must give the same four local inertial coordinates for this event. As emphasized above, the
main constraint on self consistency of a GNSS system comes from the precision of constants of
motion. Here we propose that the constants of motion be determined and checked internally
by the GNSS system in such a way that each satellite checks its own position as any other
observer with respect to all the other satellites, i.e. in addition to emitting its proper time,
each satellite also receives other satellite’s emission coordinates and makes its information
available to the central GNSS control ( ; ).

2.1 Notations

The following notation, illustrated in Fig. 2.1 will be used:

Si[k] future light cone of k-th signal sent by satellite 4
7Uk] proper time of satellite i when S?[k] was created
Tz-j [k] proper time of satellite j when its world line crosses S[k]

Pl = {7[k],7/[k]} | Pair of emission and reception proper times between satellites

i and j (i emitter and j receptor).

The complete spacetime manifold will be denoted by M, and submanifolds of M will be

denoted by script letters My for a four dimensional submanifold, V for a three dimensional
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coordinate time

» space coordinate

Figure 2.1: Signals sent and received by satellites labelled 1 and 2. The signals trajectories
are located on the future light cones of the emission events. Red dots and blue dots denote
equidistant proper time intervals when respectively signals S'[k] and S%[k] are emitted.
P k] represents the pair of emission and reception proper times between satellites 1 and 2,
e.g. P23 = {#1[3],7[3]}.

spacelike submanifold, A for a two dimensional submanifold, and C for curves in M. Coordi-
nates in M will be denoted by a* for 4t = 0- - -3 and the metric in M will generally be given
by the metric tensor g, (z*). The Minkowski metric tensor will be used with the convention

noo = —1, no; = 0 and 7;; = d;j, where roman indices run from 1 to 3. In the coordinate rep-
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resentation events P are expressed by the matrix of four coordinates as z = {2, z!, 2%, 23};
curves C are expressed by a matrix of four coordinates as functions of a parameter (usu-
ally proper time) along the curve C: £(7) = {2°(7),2'(r),2*(7),2*(7)} ; two dimensional
submanifolds are expressed by a matrix of four coordinates as functions of two parameters;

etc... Vectors, which can be thought of as tangents to curves, are generally written as dC/dr,

dz® da' dz? da®
G ‘dr dro arte 1 the

spacetime is foliated into 3-dimensional space and time, the vectors in the three dimensional

and in the coordinate representation they are expressed as v = {

foil V(t) are denoted as @, or é, if they are of unit length.

2.2 Minkowski space-time

In this section we illustrate the ABC concept with the simplest possible case: consider a
GNSS constellation established very far from large masses, so that its satellites and light can
be considered as moving in a Minkowski space-time. First we show how to retreive satellites
mutual constants of motion from observations of emission coordinates. Then we define a pro-
cedure to construct a global inertial reference system based upon the emission coordinates
for this simple case. Finally we give a geometrical interpretation that illustrates how this
concept leads to a mesure of spacetime curvature. The more complex case involving gravita-
tion and non-gravitational perturbations will contain small deviations from this procedure.

A different but complementary approach has been defined in ( D).

2.2.1 Mutual constants of motion

The system Hamiltonian is the sum of terms

1
H = 5 (—p§ + P2 + p; + p?) (2.1)

for each satellite. Each term is a constant of motion and it’s value is —%ch. The motion of

photons — signals propagating emission coordinates — is governed by the same Hamiltonian
(2.1), that is also a constant of motion with value zero.
This Hamiltonian predicts linear motion of satellites and light:

=211ty e=rpa, y=riy, 2= 1y (2.2)
m m m m

with 7 independent constants of motion: tg, xo, Yo, 20, Pz, Py, P2, While the conserved

momentum pg/m is determined by the constraint H = —%mc2 for satellites or H = 0 for

photons.
Consider two satellites i and j with constants of motion: “tg, ‘xq, “yo, ‘20, ‘P, ipy, ip,,

and 7tg, Jxzo, Tyo, 20, Ipa, jpy, Jp,. One can always tie the local inertial frame to one of
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them. In this frame the satellite’s at rest constants of motion are all zero: ‘tg = 0 — time is
synchronized with proper time, ‘zg = 0, ‘yo = 0, ‘zg = 0 — the satellite is at the origin of
Minkowski frame, ‘p, = 0, Zjr)y =0, 'p, = 0 — the satellite is at rest with respect to the frame
chosen. This defines the temporal axis of the chosen Minkowski frame, but spatial axes have
no preferred direction with respect to satellite i at rest. So the choice of spatial axes is left
to the observer. One may, without loss of generality, choose the z axis in the direction of the
3-velocity of the next satellite j having non-zero velocity with respect to origin. The other
spatial directions z and y, are perpendicular to j’s velocity and to each other. Since the
velocity of j is only in the direction z, the x and y coordinates of j’s orbit must remain the
same at all times. So we can again, without loss of generality, choose the orientation of axes
x and y so, that y coordinate of j is zero. In this inertial frame the trajectories of satellites

i and j can be expressed as follows:

Ci (%) ={cr%,0,0,0} (2.3)
Cj r;(r7) ={elyigm? + ti), 2ij, 0, vijvi77 + 235} (2.4)

where v;; = (1 — vij2/02)_1/2.

"ij = cosh(&ij)-
The satellite 7 sends pairs of numbers P¥[k] = {7[k], 7[k]} to the central processing

It is convenient to introduce v;; = c¢ tanh(;), so that

unit where, we repeat, 7[k] = 7/[k| is the proper time of satellite j when it emits signal
SI[k], and 7[k] = 7i[k] is the proper time of satellite i when this signal is received; indices
i and 7 on 7 are ommited to keep the notation transparent. According to Egs. (2.3)—(2.4),
the event of emission of proper time 7[k] has coordinates: Pemiss = {c(cosh(&;)T[k] +
tij), Tij, 0,sinh(&;)T[k] + 2}, and the event of detection Pger = {c7[k],0,0,0}. Since these
two events are on a light-like trajectory, their spatial distance is ¢ times the temporal differ-

ence. So we can write:

_ . _ 1/2
c(r[k] — cosh(&;)T(k] — tij) = (95223 + (sinh(&;;)cT[k] + Zij)2) / . (2.5)
Squaring both sides, and grouping the terms, we obtain:
T[k]? + 7[k)% — 2 cosh(&;;) 7 [k]T[k]—
Zii z3 + 22
— 2tij7'[k] + 2 (COSh(&'j)tij — sinh({ij)%) ?[k] + t?j __Y 3 J =0 , (2.6)

a quadratic form with respect to variables 7[k] and 7[k], i.e. the graph 7 versus 7 is a
hyperbola. Fitting all pairs P = {7[k], 7[k]} to 2.5, one obtains the four coefficients &;;, t;;,

x;; and z;;, which we call the four mutual constants of motion.
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2.2.2 Construction of a reference system

The mutual constants of motion determine curves 2.4, which are edges of a two manifold A;;
spanned by light-like geodesics connecting the two satellites. Mutual constants of motion
can be obtained for all (g) pairs of n satellites in the constellation and thus determine (g)
2-manifolds. All the 2-manifolds are joined along common edges, and can form a boundary
of a four dimensional sub-manifold My, as illustrated in Fig. 2.2 for a 241 dimensional case.

Four satellites support 6 2-manifolds, that enclose a four dimensional volume. Coordinates

Figure 2.2: The three 2-manifolds formed by light-like geodesics connecting world lines of
three satellites moving in 241 dimensional Minkowski space. The three 2-manifolds enclose
the 3-manifold, which consists of triangles with the three satellites at their edges as they
move in time.

of a GNSS must cover this volume and the metric must be such, that the geometry on the

six bordering 2-manifolds A;; agrees with the geometry determined by mutual constants
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of motion. Since we are assuming a flat space-time, it is most convenient to cover it with
Minkowski coordinates. The temporal axis of a such common Minkowski frame may, without
loss of generality, be chosen along the 4-velocity of one satellite, call it satellite 0, so that

0

t = 7. This choice naturally foliates spacetime with 3-manifolds V(t), so that the 4-

trajectories of other three satellites can be written in the global frame as:

Co(D
A

V(1)

Figure 2.3: Spacetime is naturally foliated with 3-manifolds V(¢), when considering satellite 0
as giving the time direction: ¢ = 70. The 4-velocity of satellite i, S(T"ﬁi, has a spatial part in
V(t), along which we choose the unit vector n;. We choose the unit vector p; so that it is
contained in the 2-manifold A(0) € V(0) defined by (P(0),7n;), orthogonal to 7n; and on P(0)

side.

(") = {elyt" + to), wipi + i (vuim' + 2) }, (2.7)

where 7; is the unit vector along i’s 3-velocity in V(t), and p; € V(t) is orthonormal to 7
(see fig. 2.3). Note that v; = tanh§;, z;, z; and ¢; are mutual constants of motion of satellite

1 with respect to the origin, thus they are calculable on board of satellite 0 from data pairs
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P[k]. However the directions 7; and p; can only be specified with respect to directions to
other satellites. Their relations can be determined by the central processing unit, which has
access to all data available in the system. In the common Minkowski frame the equation 2.5
can be written in the form (again omitting indices i and j on 7):
7[k]* + 7[k]* — 27[k]7[K] [cosh & cosh &; + sinh &; sinh &7, - 72,
. 1 FU L
+ 27 [cosh & (ti —tj) + sinh gzg (xjpj - My + zjny - 1j — z@)] (2.8)
_ . .. L
+ 27 [cosh & (tj —t;) + sinh @E (xipi - oy + 2Ty - Ty — Zj):|

1 . . . . . .
(6= )" = 5 (o] + o} + 2f + 2] — 2mipi - (wb; + 2jg) — 22t - (255 + 2575)] =0

Equations 2.6 and 2.8 express the same truth in two different systems of coordinates, therefore
they represent the same hyperbola between 7 and 7. Thus, the coefficients of quadratic forms
2.6 and 2.8 must be the same, which requires the following four equations for each pair i — j
to be satisfied:

cosh(&;;) = cosh(&;) cosh(&;) + sinh(&;) sinh(&;)n; - 0
tij = cosh(&) (¢ — ;) — % [(zbj + zjftj) - i — zi] sinh(&;)
COSh(fij)tij — %sinh(fij)zij = COSh(fj) (tj — ti) + % [(.’Bzﬁz + Zzﬁz) . ij — Zj] sinh(fj)

2

1 1
2 2 2 2 2 2 2

\ —2wipi - (2pj + zjh) — 2z - (2505 + 2j75)]

The unknowns, scalar products: 7; -7, ;- pj, ;- p; and p; - p;, can be calculated from these
equations. Finally one can choose the spacelike triade of orthonormal unit vectors along the

Minkowski basis and express all p; and n; in this basis.

2.2.3 Toward a measurement of spacetime curvature

One can also look at the problem of reconstruction of constants of motion from a more
geometrical point of view. The orbits (3-trajectories) of satellites can be expressed in the

common frame as position vectors with respect to common time ¢:
ﬁ(t) =x;p; + Ny (Uz‘(t — ti> + ZZ') R (2.9)

where p; and n; are constant, orthogonal unit vectors.

Consider three satellites: 1, 2, and 3, defining a triangle contained in V(t) at each moment
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P,

dh3(t) /
dpa(t)

vi(t=f1)+z)

P

Figure 2.4: Orbits of satellites S1, So and S3 with respect to satellite Sy (red sphere), which
is at rest with respect to the global Minkowski frame. Triangles Py, P}, P4 and Py, Py, PY
connect the positions of the three satellites as they are at moments ¢ and t', respectively,
with respect to the global Minkowski time. Distances x1, o and x3 are the closest approach
distances of satellites 1,2 and 3 to satellite 1. The sides vy (t —t1) + 21 ... v1(t —t3) + 23 and
vi(t' —t) ... v3(t' —t) are also determined by mutual constants of motion.

of global time ¢ (see Fig. 2.4). The mutual constants of these satellites with respect to 0 give
the parameters x1, x2, x3, 21, 22, 23, t1, to, z3 and v1, ve, vz, with their geometric meaning
illustrated in Fig.2.4. Mutual constants of satellite 1 with respect to 2 give the length
d12(7!), the distance from satellite 1 to 2 in the local rest frame of satellite 2. The length
dy2(71) is different than dq2(t) because it is observed in a different Lorentz frame. The side
d12(t) can be obtained from di2(7!) by expressing 7, = % in terms of ¢, using mutual
constants of motion, and then projecting di2 onto the local rest frame of satellite 0. (frame,

where satellite 0 is at rest.) The result of such transformation can be written in the form:

_ t—h 1
dio(t) = d , 2.10
2(8) ( - ) T (2.10)

where 919 is the angle between the mutual 3-velocity vector of 2 with respect to 1, and the
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3-vector in direction from 1 to 2 at time ¢, both expressed in the frame of 0. The angle
812 cannot be calculated from mutual constants of motion, however, the v?/c? term can be
neglected compared to 1 for small velocities, so that to first order dyo(t) ~ di2(t — t1).

Using the same approximation for the other two sides do3(t) and ds;(¢) and three more
sides dyo(t1), da3(t'), ds1(t'), one can determine the first approximation for the geometric
structure with vertices O, P1, Pa, Ps, P1, P5y, Ps, Py, Py, Py. One then ties global spatial
axes to this structure and determines the missing angles and recalculates the better approx-
imations for points O, ---P{. This procedure can be repeated until the points converge
to the final position with required accuracy, or simply use the algebraic solution described
above. Finally one ties Cartesian spatial axes to the geometric structure, for example €7, €3,
may be in the plane of the triangle Pj, Pj, Pj, and the third one perpendicular to it.

If the Hamiltonian, describing the motion of satellites and light, has been chosen correctly,
then the mutual constants of motion, determined at any later time interval, will remain the
same, and successive motion of satellites will be describable as uniform. Note that, for a
short enough period of time, every motion can be considered as uniform, so that the above
procedure always gives a locally Minkowski structure for a sufficiently short time interval
{t,t/}. This short time interval may be succeeded by another short time interval, in which
the triangle Py, Pa, P3 will fit the preceding triangle P;, Pj, Pj, but the vertices of the
new Pp, Pb, P; may not be exactly on straight lines Sy, So, S3, determined in the first step.
The deviation of vertices from expected positions is the geodetic deviation, which is the
measure of the Riemann tensor - the curvature of spacetime. Thus, by strategically placing
satellites, and measuring their mutual motion, it is possible to use the above mechanism for
mapping the Riemann tensor of space-time. Thus, it is possible, in principle, to use emission
coordinate pairs P%[k] for constructing a map of the stationary space-time, covered by
the constellation, and, on the basis of such data, to construct the complete Hamiltonian,
that would describe dynamics (provided there are no non-gravitational perturbations) with
increasing accuracy.

The mechanism just described, demonstrates the intimate connection between geome-
try and dynamics established by covariant emission coordinates and serves as an important
demonstration of the ABC concept. Nevertheless, the space-time around the Earth is domi-
nated by the gravitational field of the Earth, therefore, it is convenient to start the refinement
of dynamical description from spherically symmetric Hamiltonians, which include the grav-
itational field of the Earth.
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2.3 Keplerian motion

As the next illustration, let us consider a constellation where satellite dynamics is describable

by a Keplerian Hamiltonian
2 M
o= =™ (2.11)
2m T

where M is the mass of the Earth, much larger than the mass of the satellite m. We assume
that light propagates on straight lines with the speed c. Satellites belonging to a GNSS
constellation will generally be on bound (usually almost circular) orbits - ellipses that obey
the third law of Kepler. This introduces a natural distance scale, which becomes observable
through the sinodic period of two satellites.

The spherical symmetry of the Hamiltonian suggests the introduction of spherical coordi-
nates, centred at the gravity centre of M and oriented in fixed directions with respect to dis-
tant stars. The constants of motion of each satellite are: a (main axis of ellipse), € (eccentric-
ity), ¢ (inclination with respect to x-y plane), Q (longitude of ascending node), w (longitude of
perigee), tP°"" (time of perigee passage). We use the notation MC; = {a;, &4, ti, i, wi, tfm}
for this set of constants, where the index ¢ reffers to satellite label. The motion of each

satellite can be expressed in global Cartesian coordinates as
F(tla, e, 1, Q,w, 7)) = R, (w) - Re (1) - RL(Q) - J(E(t — t7)|a, €) | (2.12)

where R;(a) and R, («) are rotation matrices about z and = by a. E(t) is the eccentric

anomaly, which can be expressed with a Fourier series

GM\'Y? X2 , GM\ /2
where Ji(x) are Bessel functions. In the orbital plane
p(Ela,e) = (acosE—s, aV1—e2sinF, 0) : (2.14)

The pairs P¥[k] = {7'[K], Tij [k]} obey, for all k, the equation

[

b Aty — 7 = - ‘F(%i]MCi) — A+ Aty MCy)| (2.15)

e}

where, in the case considered, 7 is the proper time of satellites, running with the same
rate as universal time, and At;; is the difference in time origin of the clocks of i and j.
Obviously, the relation between 7 and 7 can only depend on relative orientation of orbits

i and j. Therefore, we again introduce mutual constants of motion by choosing a local
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coordinate frame, such that one satellite is oriented with respect to the other: tP¢"* for
the sending satellite is zero, the ¢y axis points toward the perigee of the sending satellite
and the (;’3 axis is perpendicular to its orbital plane. The mutual constants of motion,
necessary to describe the relative motion of satellites i and j, are: MCj; = {a;,;,0,0,0,0}
and MCi; = {aj, &5, tji, Lji, wji, t?fri}. For brevity of notation it is useful to join them in a
common array Mc;; = {as, aj, €, €5, Lji, Qji, wjs, t?iem} — the main axes and eccentricities of
both orbits, the relative inclination of orbits, the longitude of the line of nodes with respect
to the perigee of the sending satellite, the longitude of receiving satellite with respect to line

of nodes, and perigee passage time of the receiving satellite.

Figure 2.5: Mutual constants of motion for two satellites on Keplerian orbits: Mc;; =
{ai,a5,€i, €5, 50, Qjs, wiis £ -

The pairs PY[k] = {%O[k},Tg [k]} = {7[k],7[k]}, where index O refers to the sending
satellite, now obey equation (2.15) with ¢; = 0, Q; = 0, w; = 0, tferi = 0; the remaining
constants a; = a, & = ¢, a5 = ad, g5 =€, 1, = tji =1, U = Qj = Q, wj = wji = w,
t;’en = t?f” = tP¢"" are mutual constants of motion Mc. They can be determined by least
square fitting the data on the left of equation (2.15) to functions on the right of this equation,
where mutual constants of motion are parameters of the fit. In other words, we construct

an action:

S[Mc, At] =

N 2
Z k] + At — 7[k] — |7(7[k]|a,e,0,0,0,0) — F(r[k] + At|d’, &', 0, Q,w, 7| | (2.16)
k=1
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and minimize it with respect to the parameters. It is obvious, that the solution with
parameters corresponding to a small value of S, would describe well the mutual dynamics
during the time interval covered by the pairs P%[k], k= 1--- N. It was found numerically
that the minimization of this action actually recovers the correct mutual constants of mo-
tion if the interval 7[k] covers a few mutual periods. Yet, it is worth mentioning that the
minimization of (2.16) is a highly non-linear problem — the action as a function of mutual
constants of motion has many local minima or saddle points, so that minimization proce-
dures that are based on gradient methods may be caught in one of the local minima. It was
found by numerical experiments, that the global minimum is deeper and narrower for larger
numbers of data points N (see Chap. 3). Therefore, the minimization procedure should start
with not too many points covering the time interval in question. Minimizing scarce data,
one obtains a good first approximation for mutual constants of motion. These constants are
then used in the next minimization step with finer resolution to obtain the final best solution
for the mutual constants of motion. In this way one builds the mutual constants of motion
of all satellite pairs. In order to refer all constants of motion to the same global system of
coordinates we proceed as follows:

Choose satellite labelled 0 as the one defining the global Cartesian axes €1, €» and
€3 so that the é3 axis points in the direction of his orbital angular momentum: l_E) =
m\/még, and €1 in the direction of its Runge-Lenz vector: ﬁo = g0€1. An-
gular momenta l_; = liégi and Runge-Lenz vectors R} = Rié(l)i of other satellites define local
Cartesian frames. These frames are rotated with respect to the global frame, and the FEuler

rotation can be expressed with mutual constants of motion ¢g;, 2¢; and wp; as:

ey’ €
9" | = Ro(ois Qoiswoi) - | & (2.17)
&y €3

where the rotation matrix is:

coswcos{) —cosesinwsin{)  costcosQsinw + coswsin 2 sin¢sinw
R(t,Q,w) =| —cosQsinw — costcoswsin costcoswcos ) —sinwsin{) coswsine

sin ¢ sin 2 —cos§)sin¢ CcoSt

(2.18)
In this way all constants of motion can be defined with respect to the global frame defined

by satellite 0. However, any satellite can be chosen to define the axes of the global frame.
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Suppose we choose satellite k to define the global frame, then we can write:

eyt e
ek | = R(his Qi wis) - | €9F
eyt e
€
= R(tki, Qi Wri) - R(eok, Qok, wor) - | &2 | (2.19)
€3

where tg;, ; and wy; are mutual constants in the set M¢;;. Combining (2.17) and (2.19),

one arrives at the identity:
R(tji, Qji, wji) = Rtkis Qi W) - R(Ljn, L, wiine) (2.20)

between any three satellites 4, j, k. Thus, the constants of motion M} for a given satellite
can be calculated in many different ways from mutual constants of motion. Ideally all results
should be the same, but, because of noise in the data, or because of insufficient dynamical
description the constants deduced from different sets of mutual constants may not perfectly
agree.

A way to get a good approximation for global constants from mutual constants, may be
as follows: We note that instead of a, €, ¢, Q, w, tperi, one can describe the orbit also by
the angular momentum, Runge-Lenz vector and the time of periastron passage. The length
of both vectors is obtained directly from mutual constants of motion, so for every satellite
(7)

i in the constellation one obtains n — 1 values a;
(4)

%

for the main axis and similarly n — 1
values for €7/, where the upper index in brackets indicates the other member of the pair
in which the particular value was obtained. Likewise, the direction of the two vectors can
be obtained either from M Cp; or in two steps from MCj; and M Cp;. So from each mutual
set M Cj; we obtain global angular momenta Z_Ej ) and ly) It seems reasonable to define the
average angular momentum vector of satellite ¢ as the average of all vectors l_; = ﬁ Z l? ),
and similarly for the Runge-Lentz vector, the time offset and periastron passage time]%éome

results of numerical experiments with error considerations are discussed in next sections, but
a thorough analysis of error propagation is still left for further considerations.

So far in our analysis, we left out two problems that would arise in practical applications:
we did not offer a tool to synchronize the clock of satellite i to ¢ = 0 at the first periastron
passage, and we did not offer a tool to check whether the clocks of the two satellites run
at the same rate. For further reference let us call the first tool “my perigee tool” and the

second one “clock rate correction tool”. These tools can be integrated in the minimization
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procedure by introducing two new variation parameters ¢pe,; and 7 in the action as follows:

Sn[Mecij, At, ¢peri, 1) =

N
k=1

2

K]+ A= 7K — (AR — ) e IMCa) — R ) + ALMCy)

(2.21)

This makes the global minimum search quite slow, so that the global minimum may not
be found in Mathematica if the initial guess of constants of motion was too far from actual
values. The solution to the problem was to minimize the action first with respect to mutual
constants of motion to get values of action minimuma as function of ¢,e-; and 7, see Figs.3.9
and 3.10. This function has a clear global minimum, which narrows down the values for the

initial guess.

2.4 Schwarzschild space-time

The Schwarzschild Hamiltonian, which controls the motion of satellites and light is:

2
H:—<1+2:1}> + pi . (2.22)
1 -3z (1+ 72)

where r, = C’;—QM is the gravitational radius of the Earth, R = vX? +Y?2 4 Z2 and (X,Y, Z)
are isotropic coordinates. The Hamiltonian is a constant of motion with value -1 for satellites
and 0 for photons. Introducing the Schwarzschild radial coordinate r = R (1 + %) and

the corresponding Cartesian coordinates x ,y, z, one obtains the orbital solution in the form
F(T|a7 &t Qa w, tperi) = RZ((JJ) : RIL"(L) ' RZ(Q) ' ﬁ(¢(7 - Tperi)|a’ 5) ) (223)

equivalent to (2.11), also regarding the six constants of motion: MC; =
{ai, Ei,Li,Qi,wi,tfm}. Here ¢(7) is the true anomaly as a function of proper time,
and

2ry

ﬁ(¢‘av 8) -

uz — (uz — ug)en? (K(m) + &) (cosé sing 0) . (2.24)

It is possible to express the proper time 7 as a function of true anomaly in analytic form.

However, the inverse is needed. We obtain it in the following way: observe that ¢ — ZWL;)) is

a periodic function in ¢ with the periode P =4 K(m), so it can be expanded into a Fourier

series with coefficients proportional to powers of € and to powers of a/ryg. For reasonably
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small € this series is inverted and results in a series of the form:

10
o(r) = 277% +3" Cula,e) sin(2mnr/P) . (2.25)

n=1

The coefficients C),(a, €) are expressed in a complicated, but straightforward way as functions
of a and ¢, as shown on page 52. Numerical experiments with data for typical Galileo orbits
(rg/r ~ 2 x 10719 ¢ < 0.003) have shown that the series expansion agrees with analytical
expressions to more than 24 digits; this is why we keep ten terms in Fourier expansion 2.25.

The equivalent of (2.15) in the Schwarzschild case is:
() + Aty — (7 k) = T (7 (FIRIMC) 7 (F RIMC ) ) (2.26)

where T (77, 72) is the time of flight of a photon in a Schwarzschild space time between points
7 and 7 and t;(7) is the global time of the space time position of satellite k£ at the moment
of his proper time 7. In exactly the same way as in the Keplerian case, we can choose the

orbit of ¢ as defining the coordinate axes, and we can choose mutual constants of motion
pgri}

71

In the space time, traced by Galileo satellites, the Riemann curvature is so small, that

Meci; = {ai, aj,€i, €5, Lji, Qji, wji, t

the time of flight can very accurately be expressed with the distance between the sender and

receiver divided by the speed of light plus a very small Shapiro delay
S . .
Ty(r,72) = E\Tl — | + Ot (2:27)

where

dry 2
sta — Ao 2V
c T'min
NG
= 59ps x In Y12 (2.28)

T'min

and 7,y is the minimum distance at which a photon passes the centre of the Earth. Regard-
ing the left hand side of (2.26), we take into account that the proper time and Schwarzschild

o N\ 1/2
9
time are almost perfectly proportional, so that j—: = (11+27‘}g ) + F(¢), where F(¢) is a

a

periodic function with the period 4K (m), again expressed as a series in the form of (2.25),
but with different (much smaller) coefficients, displayed on page 54.

From (2.26) we proceed in the same manner as from (2.15), building an action with
mutual constants of motion as parameters. As before, we fit orbital solutions by minimizing
the action by varying mutual constants of motion. Of course, after all is written down,

it becomes clear that, because of the weakness of the gravitational field of the Earth, the
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Schwarzschild action differs little from the Keplerian one. The difference, due to the factor
between global time and proper time, becomes obvious after a few periods of revolution, while
the Shapiro delay is a periodic effect that shows only at the level of centimetre accuracy.
Building up the global constants of motion of the constellation proceeds in exactly the same
way as in the Keplerian case. Some numerical examples and tests are discussed in later

sections.



NUMERICAL IMPLEMENTATION

The constants of motion are calculated by minimizing 9-dimensional action & =
S (aj,aj,€4,€5,L,Q,w,tp i, tp ;). This action was written for Schwarzschild and flat (Kepler)
space-time. Equations used to calculate the action S at each data point (i.e. (¢(m),7 (7))
at each proper time 7; along the orbit for both satellites in a pair) are given in App. A and
Sec. 2.3. The proper times 7; are the input data and are obtained as follows.

We simulated a pair of satellites in orbit around Earth using analytical equations of
motion in Schwarzschild space-time from ( ) and ( ) with
a given set of constants of motion for both satellites. At each time-step 4 of the simulation
a pair of proper times {72[i], 74[i]} is obtained: 74[i] is the proper time of the first satellite
at the moment of reception of the i-th signal 72[i] from the second satellite. These pairs of
proper times {72[i], 74 [i]} are then used to calculate the action (2.16) with equations given
in Sec. 2.3 and App. A. In what follows, the indices 2 and 1 can be omitted as on p. 8.

The algorithm for Keplerian case was coded with Mathematica, while for
Schwarzschild case it was coded mainly in Fortran 90. In this case, as minimiz-
ing method we used the Simplex algorithm of Nelder and Mead from gsl library
(gsl_multimin_fminimizer_nmsimplex2) which was coded in C.

The algorithms for Schwarzschild case were tested on a PC with an Intel Core i7 CPU at
3.0 GHz and 8 GB RAM. The OS was Linux x86 64 with kernel 2.6.32-28-generic and Intel
Fortran/C compiler 11.1. For Kepler case, they were tested on the same computer and on a
PC with Intel Core i7 CPU at 3.2 GHz and 8GB RAM with 64-bit Windows 7 Professional
and Mathematica 7.0.

3.1 Robustness of the method

We tested the robustness of the minimizing procedure, i.e. we checked its dependence on the

choice of initial guess values, number of data points per orbit, number of orbits included in

21
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satellite Q[°] wl[’] ¢[°] alrg a [km] 5 tp [rg/c]
1 0 0 0 5x10° 221826 5x10°° 0
2 10 65 40 5x 107 221826 2x107° 0

Table 3.1: Orbital parameters for two satellites: longitude of ascending node (£2), longitude
of perigee (w), inclination (¢), major semi-axis (a), eccentricity (£), and time of perigee
passage (tp).

the minimization, and the effect of clock errors. The true constants of motion, which were
used for simulating a pair of satellites, are given in Tab. 3.1.*

Note that only values of 2, w, and ¢ of the second satellite relative to the first satellite
in a pair can be found by minimizing (2.16), i.e. only the orientation of one orbit relative
to the other can be found. Therefore, in the following subsections, €2, w, and ¢ always refer
to the values of the second relative to the first satellite in pair. However, for simplicity, the
angles €, w, and ¢ for the first satellite are chosen in such a way (i.e. Q; = w; =13 = 0)
that the relative angles for the second satellite (found by the minimizing procedure) are the
same as absolute angles (i.e. the values in Table 3.1). A method for regaining the absolute

values for non-zero values of 21, wy, and ¢1 is given in Sec. 3.2.

3.1.1 Local/global minimum

Since we are using a minimization method designed for finding local minima, it is necessary
to check the behaviour of S near the global minimum (which should exist for true values of
orbital parameters). We do this by plotting the cross-sections of the 9-dimensional action:
to check S for one orbital parameter, e.g. major semi-axis a, we keep other parameters fixed
at their true values (from Table 3.1) and vary a around its true value.

As an example, we simulated the satellites with orbital parameters from Tab. 3.1 for 8
orbits and 50 points per orbit (i.e. 400 data points). The resulting cross-sections of S are in
Fig.3.1.

Clearly, the minimum exists, however, for a; and as there are also other local minima
near the global one, as confirmed in Fig. 3.2, where the same action for a; is plotted in linear
scale, to better show the region near the global minimum. For this reason, it is necessary
to either make sure that the initial “best-guess” coordinates are close enough to the global

minimum or to use a minimization method that searches for a global minimum.

*If we choose a very small value for eccentricity, e.g. € = 102, the minimization procedure fails, therefore
we chose a more reasonable value of € = 1075,
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Figure 3.1: The action (2.16) near minimum point for N = 50 points per orbit and 8 orbits
(400 data points).
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Figure 3.2: The action (2.16) near minimum point for different values of a; shown in linear
scale.
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3.1.2 Number of points per orbit

We checked the dependence of & and minimizing procedure on the number of points per
orbit. The results of minimization are in Tab. 3.2. In all cases, the orbital parameters were
the same as in Tab.3.1 and the number of orbits was 8; only the number of points per
orbit was different. The initial best-guess values for orbital parameters were obtained by

multiplying the true value by 1.01.

AQ Aw AL Aaq Aao Aeq Aeo S in
N S - 291 292 =2 Aty Aty 5o toc [s]

L al ag £
50 1006 107% 1077 1071 1071 107% 1073 22 22 107" 643
71078 107® 1078 1072 1076 1076 17 17 1077 1038

2

1

1

4 0.6 1.3 0.03  0.03 6 93 66 0.4 2116
360 4 0.6 0.5 0.01 0.01 0.1 384 80 0.4 3094
4 0.6 0.7 0.01 0.01 0.7 135 100 0.5 5962

Table 3.2: The results of minimization for 2 satellites, 8 orbits and true values of parameters
from Tab. 3.1: number of points along an orbit (N), relative errors after minimization for €2,
w, L, a1, az, €1, and eg, absolute error in perigee passage time (Aty, Atye) in us, the ratio of
the final and the initial value of action (S /S fin), and time needed to minimize S (toc).
Absolute error of few us in Aty and At,s should be compared to orbital period which is
about 9.13 hours.

As can be seen in Tab. 3.2, the minimum of S is found only in the first two examples,
with N = 50 and N = 90 points per orbit. To clear up on this, the minimizing process
for N = 50 and N = 720 points per orbit is shown in Fig. 3.3 and Fig. 3.4. In the N = 50
case, the minimization proceeds ‘normally”; i.e. the procedure starts from best-guess values
of parameters (which are 1% higher than the true values) and converges close to true values.
Also, the action and the simplex size drop in 3700 steps by 16 and 15 orders of magnitude,
respectively. Surprisingly, in N = 720 case however, the minimization never converges to
true values. It starts as in the N = 50 case, but soon appears to stray in different local
minima.

To check for the existence of minimum, the action’s cross-sections are plotted in Fig. 3.5
as in Sec. 3.1.1. There should be no problems as far as angles, eccentricities, and times are
concerned, however since it has already turned out before (Fig. 3.2) that S for parameter a
may have many local minima, we checked S close to its minimum in Fig.3.6. In fact, not
only many local minima still exist, but also the global minimum appears to be narrower in
this case, so it is more easily missed if the initial best-guess values are too different from true
values. This is confirmed in Fig. 3.7, where the same plot is shown for all the examples from
Tab. 3.2: the global minimum narrows as the number of points per orbit increases, and the

number of local minima increases as well. When improving the initial best-guess values (by
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Figure 3.3: Progress of minimization for N = 50 points per orbit.

3000

multiplying the true value by 1.001 instead of 1.01), the minimization converges normally in

every but N = 180 case.

Having in mind that it is more easily to miss the global minimum and that calculation

time increases significantly with increasing number of points per orbit, it is desirable to keep

this number within reasonable limits, e.g. about ~ 100, since the accuracy obtained is the

same in all cases.” In any case, the success of the minimization can be easily checked with

the final value of S after minimization, which should be many orders of magnitude smaller

than the initial value.

*The accuracy depends on the accuracy of the minimization algorithm from gsl, which was coded in
double precision.
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3.1.3 Number of orbits

Here we check the minimization procedure with respect to number of orbits, keeping the
number of orbits constant at N=50 per orbit. The results in Tab. 3.3 show that results
weakly depend on the number of orbits, and the accuracy is somewhat higher for N, ~ 4

orbits. As expected, the calculation times increase with N.

No S S S SR SR S SR Aty Aty g tocd
1 1007 10°% 1078 1071 10710 106 10° 3 3 10717 89
2 1008 1072 107 100°¥ 1071 108 1007 3 3 1071% 150
4 1078 107% 10°® 1071 107 1078 1007 2 2 10718 214
8 1076 10% 1077 1071 10719 10* 1073 22 22 10714 643

Table 3.3: The results of minimization for 2 satellites, 50 points per orbit and true values of
parameters from Tab. 3.1: number of orbits (N,), relative errors after minimization for Q, w,
L, ai, ag, €1, and €2, absolute error in perigee passage time (Aty,1, Atye) in ps, the ratio of
the final and the initial value of action (S /S fin), and time needed to minimize S (toc).
Absolute error of few ps in Aty and At,y should be compared to orbital period which is
about 9.13 hours.

We also tested the same dependence by using Keplerian set of equations for § in Math-
ematica, where we could increase the precision of data (but not minimization algorithm) to
as high as 60 digits (in Fortran we were limited to double precision of the gsl library). It
turns out, that the accuracy does not increase with number of digits and we have no reason

to doubt that the same would happen also for the Schwarzschild set of equations.”

3.1.4 Clock noise

To test the effects of clock noise on the minimization procedure, we assumed a value for
Allan deviation o4 of satellite clocks for the duration of the experiment (considering only
shot noise) and added random noise 07 (§7 is uniformly distributed on the interval At) to
each proper time 7[k] and 7[k] in such a way, that o4 = Atv/N/(ty — t1), where N is the
number of time intervals. The modified 7’s are then used in the minimization routine. The
results for different values of o4 are in Tab. 3.4.

The minimization finds the constants of motion: as o4 increases, the relative errors of
constants of motion increase linearly, while the final value of action increases quadratically.
Even though the assumed values for o4 were unreasonably large,” the minimization still

successfully finds the constants of motion.

*We were unable to test the Schwarzschild set of equations on Mathematica, because the calculation
times were too long.
tAllan deviation for Galileo GNSS clocks at 1 day is 0.86 ns/day = 6 x 107'°.
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AQ Aw A Aaq Aas Aeq Aey At 1 At ) S in
P p

—_— —_— - S fin toc

0A Q w L ay a2 €1 €2
1007 10 10% 1007 100 100" 107° 107* 3 4 107" 549
1007 100" 107® 107® 107!t 1072 1077 107% 10 10 10715 793
100713 10 1007 1007 107 10719 10°% 10° 0.15 02 10713 723
1072 10 10% 10 10® 10® 107* 107* 085 0.5 107!t 697
100" 107* 10 10° 107® 1079 1073 1073 1 5 1079 822
107 1073 107* 10=* 107 1077 0.01 0.06 33 38 1077 512
1079 1072 1073 10® 10% 10% 0.08 05 8 250 107° 512

Table 3.4: The results of minimization for 2 satellites, 8 orbits and true values of parameters
from Tab.3.1: Allan deviation (04), relative errors after minimization for Q, w, ¢, ay, ag,
€1, and €9, absolute error in perigee passage time (At,;, Atps) in us, the ratio of the final
and the initial value of action (S /S fin), and time needed to minimize S (toc) in seconds.
Absolute error of few us in Aty and Aty should be compared to orbital period which is
about 9.13 hours.

3.2 Construction of a constellation

To construct a constellation of satellites we used Kepler equations (Sec.2.3) to generate
200 data pairs (7[i], 7[i]) along 4 orbits and to minimize the action (2.16). The action was
minimized with the Mathematica routine FindMinimum. The true constants of motion, which

were used for simulating a pair of satellites, are given in Tab. 3.5.

satellite Q[°] w[?] ¢[°] a [km] € tp [s]
1 0 0 0 22322  0.01 0
2 40.1 11.5 45 22324 0.005 0

Table 3.5: Orbital parameters for two satellites: longitude of ascending node (2), longitude
of perigee (w), inclination (¢), major semi-axis (a), eccentricity (¢), and time of perigee
passage (tp).

Figure 3.8 presents the results of this experiment, where the abscissa value shows Allan
deviation o4, while the ordinate gives the value of the action and absolute values of the
difference between the calculated constant of motion and its value used to calculate the
dynamics of satellites.

One can see that the error in constants of motion increases linearly and the action
quadratically with timing noise amplitude, as expected. The minimization procedure always
found a solution and the error is always below or near a predictable value indicated by
light grey lines in Fig. 3.8. Other experiments produce very similar results. Although the
experiments were not exhaustive, we feel that they give grounds to believe that the proposed

minimization procedure is an effective mechanism for obtaining mutual constants of motion
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between two satellites which can read the partner’s emission coordinates and their own
proper time.

In the “my perigee tool” we proceed as follows: starting from the set (¢x,t), k=1...N
we generate sets S; =t — 7, ¢, k =1... N, where the discrete values 7; cover the interval
where the correct value of perigee time is expected to be found. The action is minimized for
each set S; and the rough value of 7 where the action is minimal is found. Such steps are
repeated with finer and finer divisions for 7; intervals until the diminishing of action stops.
Results of applying this tool in one of such experiments are illustrated in Fig. 3.9.

The “clock rate correction tool” works in a similar way. We start with a set S, =
((1 + n)tg, t},), which is assumed to be the result of an exact solution of the two satellite
communication problem, with the exception that the time ¢ increases at a rate not 1 but
14 7. Fig. 3.10 shows what happens with the action and the constants of motion if they are
calculated from a set S,.

Let us illustrate the meaning of these results with respect to Galileo satellites moving at
~ 23000 km from the Earth and taking ~ 12 hours (43200 s) to make a full circle. Suppose
that the clock rate error is 8.6 ns/day, which translates into = 10~!3. Assuming no other
errors are present in the exchange of emission coordinates, one reads in Tab. 3.6 the following

error estimates for orbital constants from Fig. 3.10:

Orbital constant Error (n = 10~13)
TA (clock sinhr. diff.) +4ns

a, a’ (major axes) +50mm

e, € (orbital eccentricities) +2 x 107

¢ (mutual inclination) +2 x 1077

Q (longitude line of nodes) +2 x 1077

w (longitude of perige) +2 x 1079

tperi (time of emitters perigee pass) 0.43ms

Table 3.6: The error estimates for orbital constants from Fig. 3.10.

From mutual to global constants of motion

To test the method from Sec. 2.3 to determine constants of motion that refer to the same
global system we simulated three satellites with constants of motion from Tab. 3.7. These
constants MC; = {a;, €4, i, s, wi, tpi} (1 = 1,2,3) were used to calculate Runge-Lenz (ﬁl)
and angular momentum (l:) vectors of satellites in a global system of reference. After
minimization, Runge-Lenz (ﬁzj) and angular momentum (l_;]) vectors of satellite ¢ with
respect to satellite 7 were obtained and used to calculate mutual constants of motion

{ai,aj,€i,€j, tij, Qij,wij, tpis tpj, } (1 # j = 1,2,3). Finally, after applying algorithm from
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Sec. 2.3 (see also App.B) vectors R"i and ﬁl in a global system of reference are expressed
and used to calculate global constants of motion MC..

The results are in Tab. 3.8, where the differences R i— P:Z and [/ i— l_; are shown, and in
Tab. 3.9 where the differences M C; — MC/ between global constants of motion are shown.
As expected, the algorithm finds global constants of motion with a small error, as long as
inclinations of both satellites are different. If, however, ¢; ~ ¢; (as in case (i,7) = (1,3)
and (3,1)), i.e. mutual inclination equals to zero (113 = 0), the algorithm still manages
to find the constants but the error increases many orders of magnitude since the system of
equations becomes degenerate — the line of nodes is not well defined. This and some other
special cases must be treated separately, but they can clearly be resolved using parameters

from non-degenerate mutual relations.

i Yl wil’] ul?] a;km] € tpi [hour]
1 60 47 40 22322 0.002 2.77
2 35 27 10 23438 0.001 1.98
3 60 47 40 22322 0.0015 6.94

Table 3.7: Orbital parameters for three satellites: longitude of ascending node (2), longitude
of perigee (w), inclination (¢), major semi-axis (a), eccentricity (¢), and time of perigee
passage (tp).

i =5/l (R — R))/a

1 2 (=10~ 13 —2.710713,-2.6 1071) (3.4 10—16 —1.4 10,7 10717
2 1 (2.810° 14 ,6 10714, 5.7 10719) (10714, —2.5 107, —1.6 1071?)
1 3 (22106—14106—3310 6) (71054104210 4

3 1 (-21077,2.71077,2.8 107%) (210710, -7 10711,3 10710)

Table 3.8: Relative differences between true and calculated Runge-Lenz (R" = R}) /a and
angular momentum (I’ j fl_;) / |l_;| vectors for satellites ¢ and j. Vectors R; and l_; are expressed
i_r} a (_qartesian) system where satellite i’s constants of motion are M(j, i.e. ﬁ’i = ]:fl and
lI'; = 1;. Note that for the last two examples ¢; = 13, therefore it is not possible to determine
(well) the corresponding vectors I ; and R j-
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i Q=9 wj — wj L =L

1 2 —14x10712 5x10°13 1.5x 10713
2 1 10713 9x 10712 —88x1071°
1 3 —23x107 —-18x1076 4 %1076

3 1 —51x1077 39x1077 —43x10"8

Table 3.9: Differences between true and calculated angles ; — Q;, w} — wj, and 1 — ¢; for

satellites 7 and j. The angles Q, w}, and ¢}

; are expressed in a system where satellite ¢’s
constants of motion are MCj, i.e. Q) = Q;, wl = w;, and ¢, = 1;. Note that for the last two
examples ¢ = t3, therefore it is not possible to determine (well) the corresponding angles

!/ / !/
Qj, W, and L



CONCLUSION

The concept Autonomous Basis of Coordinates (ABC) is introduced. It is a natural
extension of general relativistic description of dynamics of non-interacting bodies, described
by geodesics in space-time. Since light, propagating along geodesics as well, spreads emission
coordinates throughout space-time, it is possible to describe dynamics in terms of emission
coordinates. The ABC concept provides a means to translate dynamical information, de-
scribed by emission coordinates, into the conventional representation based on local station-
ary frame coordinates. Dynamical information, expressed in terms of emission coordinates,
gives direct information about the Riemannian structure of space-time, and thus allows the
construction of local stationary frame with coordinates and metric that provides a precise
definition of equations of motion.

The mechanism of ABC concept is first illustrated in the Minkowski space-time. This
illustration shows how perturbations, in the form of Riemann tensor, can be detected on the
basis of dynamical information provided by emission coordinates, i.e. how deviations from
assumed dynamics lead to improvement of dynamical description. In sections 2.3 and 2.4 we
have shown how dynamical information, provided by emission coordinates, can be used in
more realistic space-times — Keplerian and Schwarzschild — to build the complete dynamical
model of the constellation.

The results of numerical ABC models are presented in Sec. 3: the input code generates
sets of pairs of emission coordinates P% = {%i[k],Tij [k]} (see (2.1)) for the given dynam-
ical model, corresponding to an exact model scenario. The output code takes input data
and attempts to reconstruct constants of motion used to construct the input data. It was
demonstrated, that the reconstruction is robust, and accurately returns the constants of mo-
tion, so that positions of satellites, calculated from reconstructed data, usually agree to 15
significant figures with those calculated from input code constants. This accuracy is limited
by the internal precision of minimization procedures used to determine constants of motion.
Some exceptions to such precision have been noted, but detailed analysis of degenerate cases
still needs to be performed. Accuracy limitations imposed by clock noise were evaluated.

Clock noise is modelled as random phase noise characterized by typical timing error with
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respect to uniformly running proper time plus a small drift resulting in a small difference
between the rate of the clock and the rate of proper time. We find that the rate error and
resulting timing synchronization errors can be averaged out on sets of data covering a few
orbital periods (see Figs. 3.8 and 3.10). The remaining timing phase error is determined
in absolute terms by the Allan deviation of the clock on time scale of only a few orbital
periods. Theoretically the average timing phase error goes to zero with increasing number
of observations, meaning that, for time scales longer then a few orbital periods the measure
of time is gauged by dynamics and not by clocks.

The ABC concept establishes a local inertial frame, which is based solely on dynamics
of GNSS satellites, and is thus completely independent of a terrestrial reference. Natural
distance and time scales are firmly defined by the gravitational radius of the Earth and the
speed of light, therefore, the translation from emission coordinates to local inertial coordi-
nates involves no other physical scale. Only the accuracy of defining emission coordinate
labels depends on the accuracy of on-board clocks. Therefore, the relative position error of
dynamical prediction is limited by relative (not absolute) clock error — by Allan deviation over
the period of a few orbits in which constants of motion of satellites can be determined. Pre-
liminary analysis, presented in this report, indicate that proposed Galileo on-board clocks,
with Allan deviation of 1 ns per day, would allow average satellite relative position errors
(67 = |F— Trate]) to be below 1.5 x 1071% ~ 4 mm at any time. The global constants of mo-
tion, which are averages of mutual ones, are expected to be defined with accordingly higher
accuracy. The accuracy of average values is expected to increase with time, as the dynamical
model will include higher order stationary perturbations in the system Hamiltonian. The
ultimate accuracy of the ABC frame is eventually limited by stochastic perturbations, that
cannot be included in the Hamiltonian.

This preliminary study of the ABC concept can end in a rather optimistic tone. Our
analysis suggests that present technology, planned to be used in the Galileo system, should
be able to routinely reach millimetre accuracy with respect to an absolute local inertial frame
defined independently of Earth based coordinates. At this level of accuracy it seems logical
and even necessary to decouple the local inertial frame from the geodetic Earth frame, and
allow the comparison of the two, to tell us fine details about Earth rotation, gravitational

potential and dynamics of Earth crust.



SCHWARZSCHILD EQUATIONS A

A11Cf and COf are coefficients in the expansion of

2(®) = COf + Z [(—1)iA11Cf[[i]] cos 2?;}?&) , (A1)

where s < 18; when the coefficients are calculated, s is set to the lowest value for which the
sum gives results with required accuracy. The arguments of A11Cf and COf are «g,...,qq

. are the coefficients of expansion of cn(x|m)? in a Fourier (nome expansion) series

~2(z|m) = Z C08 e (A.2)

and uo, us are the roots of the characteristic polynomial of the Schwarzscild orbit problem
_ 2, ¢

u = ug — (ug — ug)cn (%lm) . (A.3)

If Fun[r] = a[[1]]7 + ZZ 1 Ya[[i + 1]] sin(i7), where N = Length[a] then InvFun[z7,a] is
the inverse of Fun[7], i.e. InvFun[Fun[r|,a] = 7. This approximation is valid if the series
coefficients al[i]] go to zero sufficiently rapidly. Note that this approximation limits the
domain of validity of expansion ¢(7) below.

If KT and XS are Fourier series coefficients of two fourier series FT[¢)] = Zjv KT][[7]] sin(j®)
and FS[y] = Z;w KS[[/]] sin(jv), then Produkt returns the P = min(NN, M) Fourier coeffi-
cients of FT[¢)]FS[¢]. If one of the series has few nonzero Fourier coefficients and the other
one needs more terms to describe the function, give the value zero to the small terms in

order not to truncate the output series too soon.
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A. Schwarzschild equations

AT [{ag, a1, o, a3, au}, Uz, U] [[1]]
1
16 u§
15 (Up -Uz)*af (10uz+7 (Up-Ug) (-10+100p+11l o)) oz +
2 (Up-Ug)?od (24uf+40 (U -Ug) U (-3+309+20) +
105 (u, -ug)® (2 (-2+200+) (2 (-1+09)2+3 (-1+0ap) O(2+20(%) +3 (-4+409+3 ) O(%) +
30 (Up-U3)2ug (12 (-2+0p) g -160p +16 0o + 705 +6 (2+03) ) ) +
6 (Up-U3) op 03 (BU3+8 (Up—Ug) U3 (-4 +40g+02) +20 (Up - Ug)? U3

(Uz - Ug) (15 (U -U3)* 0§ (Aug+7 (Up-U3) (~4+40g+30p)) +

(4+4O(%+20(0(—4+Ot2)+(—2+0(2)0(2+ot%)+10 (Uy —Uug) 3 ug (16a0+12ao( 4+op) +
2 (-8+m (6+(—6+O(2>O(2))+3(—4+O(2)O(%+120(0(4+( 2+00) O(2+O(>>+
35 (Up-U3)* (8+80G+803 (-4+0p) ~8ap+1205 -4c3+05 +4ap (-8+0p (6+ (-6+0p) o)) +

(
6og (-4+0p) 0§ +3 (4+ (-2+0p) 0p) 0§ +05+120F (4+ (-2+0p) o +0F) ) ) +
6 (Up - Ug)?of og (8U3+20 (Up-Ug) U (-2+200 +3 ) +30 (Up -Ug)? g
(4+4(—2+Oto)a0—120<2+120t0a2+50(§+o<§)+35 (UZ—U3)3(—8+8O(8+120c(2)(—2+30(2)—
60 +60q <4+a2 <—12+50(2)+O(%>+O(2 (10 (—3+oz2)ot2+9<4+0(§>>))+
209 (16U3+24 (Up-Ug) U§ (-2+20g +0p) +48 (Up - Ug)? U3
(2+2O((%+20(0(—2+O(2)+(—2+O(2)O(2+O(%)+20 (u2—u3>3u§ (8a8+120(% (-2+ay) +
12 oy <2+(—2+o<2)0(2+0(§)+30(2 ((—2+a2)2+2a§)—4(2+3o§))+30 (Uy —ug)? ug
(8+80§+1603 (-2+0p) +0p (-16+3 0 (B+ (-4+0) 0p)) +24 05 +3 0 (-8+50p) 0§ +
305+2408 (2+ (-2+0p) 0p+0F) +4 g (30p ((-2+0)2+205) -4 (2+303))) +
21 (u2—u3)5<16a8+40a3 (—2+o<2)+80a8 <2+( 2+O(2)O(2+O(3) 16 (1+5Ot3)+
10 og <8+oz2 (-16 +3 (8+(—4+a2)a2))+24oc3+3a2 (-8 + 50(2)Ot3+30(3>+
5(a2 (8+ (-4+0p) 0p (A+ (-2+0p) 0p)) +20p (12+0p (-15+40p)) 0§ +3 (-2+0p) 0f) +
2003 (30, ((-2+ay)2+23) -4 (2+303)))))
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AT [{ag, a1, o, a3, au}, Uz, U] [[2]]
1
32 u8
(120 (up -u3)* (U +7 (Up-Ug) (-1+0g)) 03 +525 (Up -U3)° 08 (20F +40q 05 +0F) +48 (Up - Ug)? 03
(2u§+10 (Uy —Uz) U3 (-1 +0ag) +35 (Up —U3)® (-1 +0g) (2+2 (-2 +0g) o<o+30t%+40t10(3+30(%) +
5 (Up-U3)?Ug (6+6 (-2+0g) ag+30§ +40q a3 +303) ) +60 (Up -U3)3 05 (21 (Up -U3)? o +
70 (Up-Uz)? 0§ og +3 0y g (4U5+24 (Up-U3) Uz (-1+0g) +21 (Up-Ug)? (4 (-1+00)2+08)) +
0§ (2U5+12 (Up-Ug) Ug (-1+00) +7 (Up-U3)? (6 (-1+0g)2+0F)) +
60Z (U3 +6 (Up-Ug) Ug (-1+0g) +7 (Up-U3)? (3 (-1+09)2+203))) +
(Uz - Ug) oq (105 (Up - Ug)* of +462 (Up - Ug)* of oig +60 (Up - Ug)? of og
(4uf+24 (Up-uz) Uz (-1+0g) +21 (Up-U3)? (4 (-1+0g)2+0F)) +
5 (U - Ug)?of (16U5+96 (Up-Ug) Ug (-1+0g) +21 (Up-U3)? (16 (-1+09)2+903)) +
12 03 (8u3+32 (Up-Ug) U3 (-1+0g) +20 (Up-U3)? U5 (4 (-1+09)? +03) +40 (Up -U3)3ug
(-1 +0p) (4 (—1+oc0)2+30c§) +35 (Uy —ug)? (8 (-1+09)*+12 (-1 +0p) O(3+ot3)) +
6oy (8U3+32 (Up-Ug) U3 (-1+0g) +40 (U -U3)? U3 (2 (-1+0p)%+0j) +80 (Up -ug)3
3 (-1 +ag) (2 (—1+0(0)2+30(§> +35 (uy - ug)? (8 (-1+09)*+24 (-1+0p)2 o<3+3oé))) +
40, (16u§+48 (Uy —u3) U3 (-1 +o0g) +48 (Up -Usz)? U3 (2 +2 (-2 +0g) O(0+o<%+alo(3+o%) +

(Uz —U3)

80 (Up -u3)3uf (-1+ag) (2+2 (-2+09g) 0p +3 (al+a1a3+a3>>+15 (Uy —U3z)* Ug

(16 -6403 +160f+70f +2003 oz + 1204 05 (4+03) +603 (8+0F) +480f (2+0f +0q 05 +0F) +
6 o2 (8+50<§) 32 o <2+3(oz1+aloc3+oz3>>>+21 (Uy —U3)® (-1 +0g)
(16—64a8+16o<0+80a1+5(7a1+4a1 (4 5a1) 3+2<8 15a§)a§+12a1a§+6a§)—

3200 (2+5 (0 +oq 05 +03)) +160F (6+5 (of +agag+03)))))
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Al C [{ag, a1, a2, a3, as}, Uz, U3][[3]]
1
16 u§
((Up-ug) oq (2 (Up-u3) of (8U3+40 (Up-Uz) UF (-1 +0g) +15 (Up-Ug)?Us (8 (-1+0g)2+0F) +

35 (Up-U3)® (-1+0g) (8 (-1+0g)2+30cd)) +

3 (16u3+64 (U -Uz) U3 (-1+0ag) +40 (Up -U3)2u3 (4 (-1+0p)?+0f) +80 (Up - ug)3ug

(-1+0g) (4 (-1+00)2+30&) +7 (Up-uz)* (80 (-1+0)*+120 (-1+00)20f +110f)) o +

12 (up -ug) (4u3+20 (U -Ug) U5 (-1+0p) +35 (Up-Ug)3 (-1+0p) (4 (-1+00)2+50F) +
5 (Up-U3)2uz (12 (-1+09)2+503)) o +

20 (Uup -U3)? (6U5+36 (Up-Ug) Ug (—-1+0g) +7 (Up-U3)? (18 (-1+ )2 +508)) o3 +

120 (up -U3)® (Ug+7 (Up -Ug) (-1+0g)) 08 +210 (Up -Ug)* 03) +

(32u3+96 (Up -U3) UF (-1+0p) +96 (Up-Ug)?Uuf (2+2 (-2+0g) 0 +0F +0F) +

40 (UZ—U3)3U§ (8 (-1+09)%+12 (-1 +0p) o<§+60<§a2+12 (-1+0ag) O(§+Otg) +

21 (Up - Ug)® (32 (-1+09)°+160 (-1+0g)%0f +60 (-1+0p) of +150¢ (16 (-1+00)2+30f) op +
20 (-1+o0g) (8 (—1+0(0)2+150(§) O(%+40 <(—1+o<0)2+2a%> O(:23+60 (-1+0g) O(g+5a§> +

60 (U, - u3)* ug (8—32a8+80¢é+30(‘11+24a(2) (2+o&+a§> +4 og

(78+6o§ (-2+00) + (=12 + o) a%) +05 (24 +0p (-4+30)) +30F B+ (78+5O(2>)))
0 +90 (Up -U3)3aq (2 (Up-Ug) (Ug+7 (Up-Ug) (-1+0g)) Of +
(4u3+24 (Up-u3) Uz (-1+00) +21 (Up-U3)? (4 (-1+09)2+0F)) o +
6 (Up-Ug) (Ug+7 (Up-Ug) (-1+09)) 0§ +21 (Up-Uz)?a3) o +

(Uz —U3)

4 (Up -U3)? (12u3 +60 (Up - Ug) U5 (-1 +0g) +90 (Up-Ug)? U3 (2+2 (-2+00) cp+0F +05) +
35 (up - ug)® <12 (-1+09)3+18 (-1+0g) 02 +90f oy +18 (-1 + ) O(%+20(g)) o3+

1050 (Uz*Ug)SO(lO(Z O(§+6O (U2*U3>4 <U3+7 (Up - Uug) (*1+O(0>> O(g)
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AT [{ag, a1, o, a3, au}, Uz, U3][[4]]
1
32 u8
201 ((Up-u3)?af (10Uf+60 (Up - Ug) Uz (-1+0p) +21 (Up -U3)? (10 (-1+0g)2+0)) +
6 (8U3+32 (Up-Uz) U3 (-1+0g) +20 (Up-Ug)? U3 (4 (-1+09)2+0F) +40 (U - U3)3 ug
(-1+0g) (4 (-1+00)?+30§) +35 (U -Ug)? (8 (-1+00)*+12 (-1+0p)?0f +0f)) ag +
15 (Up -Ug)? oy (4U5+24 (Up-Ug) U (-1+0g) +21 (Up-Ug)? (4 (-1+0g)2 +0d)) of +
30 (Up-U3)? (4Uf+24 (Up-Ug) Uz (-1+0p) +21 (Up-U3)? (4 (-1+0g)%+0F)) o3 +
210 (up -U3)* oy of +210 (Up - Ug)* 03) +10 (up —ug)2 08
(8u§+48 (Uy —Ug) Uz (-1 +o0p) +21 (Up —Ug)? (8+8 (-2+0g) 0g+403 +T 0y 05 +40(§>> +
48 (Up -U3) ap (5 (Up-Ug)? (Ug+7 (Up-Ug) (-1+ap)) of +

(U2—U3>2 <105 <U2—U3)40(g+120 <U2—U3)3 (U3+7 <U2—U3) (—1+O(0>> Oﬁg (20(1+O(3) (20{1+30(3) +

20 (Up -U3)2 (U3 +7 (Up-Ug) (-1+00)) 0§ ag+0j (2u3 +10 (Up -U3) U (-1 +0g) +
35 (Up-u3)® (-1+0g) (2 (-1+0g)?+05) +5 (Up-U3)?Ug (6 (-1+ag)?+0F)) +
204 (U3+5 (Up-Ug) U (-1+0g) +15 (Up -Ug)?Ug ((-1+0p)%+0F) +
35 (Up -u3)® (-1+0p) ((- 1+a0)2+3a§))+a1a3 (4u3+20 (U -ug) U3 (-1+0g) +
15 (u, - ug)? ug (4( 1+0a9)? %)+35 uz—ug 3 (-1+ap) (4 (—l+o(0)2+30(§>))+
603 (8U3+32 (Up-Ug) U3 (-1+0g) +40 (U -U3)? U3 (2+2 (-2 +09) ap + (g +03)?) +
80 (Up -U3)3usz (-1 +0g) (2+2 (-2+0g) 0g+3 (O(1+O(3)2> +
35 (Up-U3)* (8-3203 +8af+40f (6+0%) +160y (3+08) a3 +3 (8+70F) of +
l4ozloc§+3a§‘+24ot(2)(2+(a1+a3)2)—16a0(2+3(ot1+ot3)2))))

Al C [{a, a1, az, a3, as}, Uz, U] [[5]]
1
16 u§
% (5 (Up-Uz)? 0o (8Uj+48 (U -Ug) Uz (-1+0p) +21 (Up-Uz)? (8 (-1+0g)2+0d)) +
3 (16 uj +64 (uy -uz) Ul (-1+0g) +80 (Up -U3)2 U3 (2 (—1+O(O)2+O(1> +160 (u, -ug)3
(-1+o0g) (2 (71+ao)2+3o<%) +35 (Uy —ug)? (16 (-1+0g)%+48 (—1+O(0)2O(%+7O(‘1‘>) o3 +
60 (Up -U3)20oq (2U5+12 (Up-Ug) Ug (-1+0g) +21 (Up-U3)? (2 (-1+ag)?+cd)) of +
30 (Up-Ugz)? (4U5+24 (U -Ug) Uz (-1+0g) +7 (Up-U3)? (12 (-1+0g)2+70§)) of +
420 (up -Ug)* oy o +210 (Up - Ug)? 03) +12 (U -U3)
(15 (Up -U3)? (U3 +7 (Up-U3) (-1+0g)) of +45 (Up-U3)? (Ug+7 (Up-Ug) (-1+0ag)) of og +

(Up - U3)? (30 (Up -U3)3 (Uz+7 (Up-Ug) (~1+ap)) 0§ (4oyg +0g) +105 (Up -~ Uz)? 03 (0 +203) +

5 (Up-U3)? (Ug+7 (Up-Ug) (-1+0p)) o +4aq (U3+5 (Up-Ug) U (-1 +0p) +
15 (up - ug)? ug ((—l+a0)2+a3) +35 (Up -U3z)® (-1 +ap) ((—1+a0)2+3a§))> +
6 (Uz-U3) og ((Uz-U3)? (U3 +7 (Uz-Ug) (-1+0g)) of +20 (up -ug)?
(Ug+7 (U —Uz) (-1+0g)) 0§ oz +30 (Uy —U3z)? (U3 +7 (Uy —U3) (-1+0ap)) a? o +
403 (2u3+10 (Up -U3) U3 (-1 +0g) +35 (Up-Ug)® (-1+0g) (2 (-1+0g)?+03) +
5 (Up-Ug)?Us (6 (-1+09)2+03)) +20q 05 (4U3+20 (Up-Ug) U (-1+ap) +
15 (Up -Ug)?Ug (4 (-1+0g)?+03) +35 (U -Ug)® (-1+0g) (4 (-1+00)?+303))) +
10 (up - Ug)? a3 (42 (Up -uz)?of + 147 (Up -U3)? of og +
Bog (4U5+24 (Up-U3) Ug (-1+0g) +21 (Up—Ug)? (4 (-1+0g)? +08)) +
oq (4U5+24 (Up-Ug) Ug (-1+0g) +21 (Up-U3)? (4 (-1+09)2+503))))
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Al C [{ag, a1, a2, a3, as}, Uz, U3][[6]]
1
32 u8

(Uz - U3)? ((Up -Ug) (7 (Uz-U3)3 0§ +60 (Up-U3)? (Ug+7 (Up-Ug) (-1+0p)) of ap +

60 (Up -U3) of (2U3+12 (Up -Ug) Uz (-1 +0g) +7 (Up-U3)? (6 (-1+0g)%+0d)) o +
16 (2u3 +10 (Up -U3) U5 (-1 +0p) +15 (Up-U3)? U (2 (-1+0g)2+0F) +
35 (Up-u3)® (-1+0g) (2 (-1+09)?+30§)) o3 +
525 (Up -U3)3 of of +60 (Up -U3)? (Uz+7 (Up-Ug) (-1+ap)) 03) +
2 (Up-u3) o (5 (Up-Ug) of (BU5+48 (U -Ug) Uz (-1+0p) +21 (Up-Uz)? (8 (-1+0p)2+0d)) +
24 (4u3+20 (U -u3) U (-1+0g) +15 (Up - U3)2 Ug (4 (-1+09)%+08) +
35 (Up-Ug)® (-1+ag) (4 (-1+09)2+30F)) op +
30 (Up -Uz) (4U3+24 (Up-Ug) Uz (-1+0g) +7 (Up-U3)? (12 (-1+0g)2+50Z)) 0§ +
360 (Up -U3)? (Uz+7 (Up-U3) (-1+00)) 03 +525 (Up -Uz)® o) o5 +
6 (8ug+32 (Up-U3) U (-1+0g) +40 (Up -U3)? U5 (242 (-2 +0g) 0g +0§ +05) +
40 (u, -u3)3 us (4 (-1+09)%+6 (-1+0g) o&+3a§a2+6 (-1 +0p) ot%+o<§) +

35 (uy —ug)* <8—32a8+80(g+30(‘1‘+240((2) (2+Ot%+0(%> +8 o (—4+3o& (-2+0ap) + (-6 +0p)

05 (24+0p (-8+30p)) +60d (4+0p (-4+30p)))) 0§+
80 (Up -uz)3 0oy (7 (Up-Ug) 0f +3 0 (32Ug+7 Uy (-4+40g+0p) ~TUg (Aog+0p)) ) 03 +
40 (Up -U3)? (2U3+12 (Up -Uz) Uz (-1+00) +21 (Up-U3)? (2+2 (-2 +0g) ap+0f +03) ) 0f +
105 (up - ug)* of)

Al C [{a, a1, az, a3, ag}, Uz, U3][[7]]
1
16 u§
1205 (5 (U -Ug)? (U3 +7 (Up-Ug) (-1+0g)) of +2 (2u3 +10 (Up -Ug) U3 (-1+0ap) +
15 (Up -U3)?Ug (2 (-1+0g)2 +0Z) +35 (Up-Ug)® (-1+0g) (2 (-1+0)?+30F)) oz +
30 (Uz-Ug)? (Ug+7 (Up-U3) (-1+00p)) oy 0§ +15 (Up-U3)? (U3 +7 (U -U3) (-1+ag)) 03] +
6oy og (5 (Up-U3)? (Ug+7 (Up-Ug) (-1+0g)) 0§ +2 (4u3+20 (U -uz) U3 (-1+0p) +
15 (up - ug)? ug (4 (-1+0g)? +O(l) +35 (Up -Ug)® (-1 +0ap) (4 (7l+0(0)2+30(%>) oz +
10 (U -U3)? (U3 +7 (Up-Ug) (-1+ag)) 0g0F+20 (Up -Ug)? (Ug+7 (Up—Ug) (-1+0p)) a3) +
10 (up -ug) of (21 (up -Uz)2 o +84 (U -U3)2 0 o5 +21 (Up - Uz)?0f +
(- 1+ao)2+5a§>>>+
(Uz -U3) 0p (21 (Up - Ug)? of +420 (Up - Ug)? of og + 840 (Up - U3)2 0§ of +
2

(Up —Uu3)® (21 (Up -u3)3 03 (5oy +og) +30 (Up—Ug)? (Ug+7 (U -Ug) (-1+0p)) of (oq +4ag) +

oq (4U3+24 (Up-Ug) Ug (-1+00) +21 (Up -u3)? (4
600(10(% (2U%+12 (Up —Ug) Uz (- 1+O{0)+7 (Up —Ug) (6 1+O(0 +O(3>)+
503 (8U3+48 (Up-Ug) Uz (-1+0g) +21 (Up -U3)? ( (-1+09)2 +o§))+

3004 05 (4U5+24 (Up-Ug) Ug (-1+0g) +7 (Uz-U3)? (12 (-1+0g)2+503))))

2
2

) +
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Ald [{a, a1, a2, a3, a4}, Uz, U3][[8]]
1
32 u8
(Up - Ug)® (42 (Up - u3)3 08 +120 (Up -U3)? (U3 +7 (Up-Ug) (-1+00)) 0 (0f +20y 05 +303) +48 0 05
(5 (Uz-u3)? (Ug+7 (U -Ug) (~1+0g)) of + (2uf+10 (U -U3) U (-1 +0g) +15 (Up - U3)? Ug
(2 (-1+0ag)?+0f) +35 (Up-Ug)® (-1+0g) (2 (-1+0p)?+30§)) o5 +
3

5 (Up-Ug)? (Uz+7 (Uz-Ug) (~1+ag)) oy 0g+5 (Up-Ug)? (Uz+7 (U -U3) (~1+0ag)) 03 +

10 (up -Ug) o8 (2U3+12 (U -Ug) Ug (-1 +ag) +21 (Up-U3)? (2+2 (-2 +09) g+ 0 +4 0y o3 +0F) ) +
2 (Up -U3) g 03 (21 (Up —ug)2of +210 (U -Ug)? o o +210 (Up - Ug)? of of +

300q 05 (2U5+12 (U -Ug) Uz (-1+0g) +7 (Up-Ug)? (6 (-1+0g)2+0)) +

503 (8U3+48 (Up-U3) Uz (-1+0g) +21 (Up-Ug)? (8 (-1+0g)2+0d))) +
15 (Up - Ug) 08 (7 (Up -U3)20f +84 (U -Uz)? af og + 126 (Up - Uz)? o 0§ +7 (Up —Ug) % 0 +

4ogog (4Uf+24 (U -Ug) Uz (-1+0g) +7 (Up-U3)? (12 (-1+0g)2+503))))

A C [{ao, a1, ap, az, as}, Uz, U3][[9]]
1

16 u§

(U2—U3)3 <<U2—U3)20(1 O(g (70 (Up —Ug) O[%+21U2 (07) (—10+10010+O[2) —3U3 07) (—80+700{0+70{2)> +

5 (Up -U3) 0p (21 (Up —Ug)?off +36 (Up—Ug) (Uz+7 (Up-Ug) (-1+0g)) of o+

4 (2u§+12 (Uy —Ug) Uz (-1 +o0g) +21 (Up —Ug)? (2 (—1+O(0)2+o&)) o +21 (uz—ug)za‘zl) o +
30 (Up -U3) 0o (2 (Up-Ug) (Uz+7 (Up-Ug) (-1+ag)) of +

(4u§+24 (Uy —Ug) Ug (-1 +0g) +21 (Uy - Ug)? (4 (fl+0t0)2+o<%)) o +

6 (Up-U3) (U3+7 (Up-Ug) (-1+0g)) of+21 (Up-U3)203) o +
2 (8U3+40 (Up-u3) U (-1+0g) +60 (Up-Ug)?Ug (242 (-2 +0p) 0g +0§ +05) +

35 (up - ug)® <8 (-1+00)%+12 (-1+0g) &2 +60F 0 +12 (-1 + ) a§+3ag>> a3+

525 (UQ—U3>3O(10(2 O(‘31+30 (U2—U3)2 (U3+7 <U2—U3) <—1+O(o)> O(g)

AIlG [{a01 a, oz, a3z, a4}1 u2! U3][[10]]
1

32u8

(Uz —u3)® (12 (Up-Ug) (Uz+7 (Up-Ug) (-1+0p)) 03 +240 (Up-U3) (Uz+7 (Up-Ug) (~l+0g)) g o3 o5+

60 (Up -U3) (Uz+7 (Up-U3) (-1+0g)) op0d (60F +40q05+03) +

105 (up -U3)2 08 (0f +2 0y o3 +4 0F) +

6005 05 (7 (Up-Uz)? o + (2u5+12 (U -Ug) Uz (-1+0g) +21 (Up-U3)? (2 (-1+0g)?+0d)) ag +
14 (Up -Ug)? oy 05 + 7 (U -Ug)?03) +

50403 (21 (Up-Ug)208 +4 (4U§+24 (Up-Ug) Ug (-1 +0p) +21 (Up-U3)? (4 (-1+0g)2+0F)) o5+

21 (U2*U3>20(10(%+42 (Uz*U3)ZO(%>)
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AIlG [{a()v a, oz, a3z, a4}1 U2, U3][[11]]

1
(U —Ug)?* (21 (Up -ug)? oy o3 +
16 u§
30 (Up —U3) (U3+7 (Uy-Us) (-1+0ap)) ooz +180 (U —Uz) (Uz+7 (Up—-U3) (-L+0gp)) oy 0303+
30 (Uz*U3> (U3+7 (Uz*U3> (*1+O(0>) aq O(% (20{1+O(3> +210 (Uz*U3>ZO(%O(3 <O(%+O(l O(3+O(%) +

50(20(% (42 <UZ*U3)20(§+4 (2U§+12 (UZ—U3) Uz (*1+O(0> +21 (UZ—U3)2 <2 (*1+O(0)2+O(%)> az +

21 (U2—U3>20(10(%+21 (U2—U3)20(:33))

Al C [{ag, a1, az, a3, o4}, Uz, U3][[12]]
1
32 u§

30 (Up -Ug) 08 (21 (Up -Ug) 0f +4 (U3 +7 (Up-U3) (-1+0g)) op) OF +
20 (Up -Ug) 0oq (7 (Up-Ug) o +30p (B2Ug+T Uy (-4+400+0p) -T U3 (4og+0p))) 0F +
10 (2u§+12 (Uy —Ug) Uz (-1 +o0p) +21 (Up —ug)? (2+2 (-2 +0g) oto+a§+0(§>> of + 42 (uz—U3)20(g)

(U —u3)?* (7 (uz-u3)? 0§ +210 (Up —Ug)? 0y 0§ 03 +

Al O [{a0, a1, o, a3, as}, Uz, U3][[13]]
1 B 5 ~ 5 ~ 3 B _ 2 2
83 (U2 Ug) o3 (7 (U2 Ug) O(2+70 (U2 U3) o 0 O(3+20 (U3+7 (UZ U3) ( 1+O(o)> 05 03 +
16 ug
2

10 (U3+7 (Uz*U3> (*1+O(0>) O(10(§+7 (Uz*U3> 0(20(:2)’ <1OO(%+50(10(3+O(3>)
AT [{a, a1, oz, a3, ag}, Uz, U3][[14]]
1

32 u8
20 (U3+7 (U2*U3> (*1+O(0)) O(20(§+7 (Uz*U3> O(]_O(g (50(1+20(3>)

3 (U2*U3>5CX% (35 (Uz*U3) 0(421+140 <U2*U3) Qg O(% az +

Al [{ag, a1, ap, a3, ag}, Uz, U3][[15]]
1
16 u§

(U2*U3)50(% (70 (Uz*Ug) O(g+105 (Uz*Ug) Qg O O(3+6 (U3+7 (Uz*U3> (*1+O(0>) O(:2;’>

Al O [{a0, a1, o, a3, as}, Uz, U3] [[16]]
21 (U2—U3>GO(§ (50{%+20{10(3>
32u8

A C [{ag, a1, ap, az, as}, Uz, U3][[17]]
21 (Uz*Ug)GO(z O(g

16 u$

A C [{ag, a1, ap, a3, as}, Uz, U3][[18]]
7 (up -u3)® o8

32 u§

QOf [{ap, a1, ap, a3, az}, U, Us]
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- (224 (up - u3)®-192 (up -u3)° Ug + 160 (U - Ug)* U5 - 128 (U, -~ Ug)3 U3 + 96 (U - Ug)? ug +
3
32u§ +64 U3 (~Uy +Uz) - 1344 (U —Uz)® 0 + 960 (Uy —U3z)® Uz 0 - 640 (Uy —Uz)* U o +
384 (Uy -u3)3udag - 192 (U, - u3)2 udag + 64 (Uy - U3) U3 o +3360 (U, - U3)8 a3 -
1920 (uy - U3)® Uz o + 960 (U, - Uz)* ug of - 384 (U, —Uz)3 ud of +96 (U, —uz)? uf of -
4480 (Up - U3)8 od + 1920 (uy -~ U3)5 uz 08 - 640 (Up - U3z)* U3 od + 128 (U, - uz)3ud od +
3360 (U, - u3)8 a8 -960 (U, - u3)® uzaf + 160 (U, - u3)* U3 af - 1344 (U, - u3)8af +
192 (uy - Uz)® Uz of +224 (U, - Uz)®af + 1680 (U, —Uz)® o - 960 (U, —Uz)® Uz of +
480 (Up - U3z)4 U3 08 - 192 (Up - U3)3 U od +48 (Up - Usz)? U of - 6720 (Up - U3)® 0 o +

2880 (U, - U3)° Uz ag a2 - 960 (U, - U3)* uj aga? +192 (U, - u3)3ud agaZ + 10080 (Uy - U3)® od of -
2880 (U, - U3)° Uz o a2 +480 (U, - U3)* uj of o2 - 6720 (U, - Uz)®of o? + 960 (U, - Uz)® Uz of of +
1680 (U, - U3)® o of + 1260 (u, - Uz)® o -360 (U, —Uz)® Uz of +60 (U, —uz)® U of -

2520 (U, - Uu3)8 ag af +360 (U, - u3)® Uz agaf + 1260 (U, - u3)8 0 af +70 (uy, —u3)8af -

3360 (U, - U3)8 a2 ap + 1440 (U, - U3)® Uz o ap - 480 (Uy —Uz)* Ud o? ap + 96 (Uy —Uz)3ud o oy +
10080 (U - U3)® 0 o2 0 - 2880 (Uy —U3)° U3 0 02 0 +480 (Uy - U3)* U3 0g 02 ap -

10080 (U - U3)® 08 o2 o + 1440 (U, - U3)® U3 08 02 o + 3360 (U, - U3)® 0d o2 o, - 1680 (U, - U3)8 of ayp +
240 (U, - Uu3)° uzaf ap + 1680 (U, - U3)® ag af ap + 1680 (U, —U3)® a3 - 960 (U, - Uz)® Uz o3 +

480 (Up - U3z)4 U3 08 - 192 (Up - U3z)3 U3 03 +48 (Uy - Usz)? ug 08 - 6720 (Up - U3)® 0 03 +

2880 (U, - U3)° Uz ag a3 - 960 (Uy —U3)* U3 agad +192 (Uy —u3)3 ud ag o + 10080 (Uy - U3)® od o3 -
2880 (U, - U3)° Uz 0 a3 + 480 (Uy - U3)* uj o o5 - 6720 (U, - U3)®af ad + 960 (U, - Uz)® Uz of of +
1680 (U, - U3)® o o + 5040 (U, —U3)® o o - 1440 (U, —U3z)° Uz oF 03 + 240 (Uy —Uz)* ud of of -
10080 (uy - U3)® 0 o 03 + 1440 (U, - U3)° U3 0g 02 03 + 5040 (Uy - U3)8 03 02 04 + 735 (Uy - U3)® of o3 -
2520 (uy - U3)% 04 o + 360 (Up - Uz)® Uz o od + 2520 (U, - Uz)® ag o2 od + 1260 (U, - Uz)® o -

360 (Up —U3)° Uz aj +60 (Uy -U3)* U3 af - 2520 (U, - U3)® agaj +360 (Up - U3)° Uz agas +

1260 (uy —U3)® 0 o3 + 630 (uy —U3)®af o + 70 (Uy —U3)®af +1680 (U, —U3)® ad s -

480 (Up - U3)° Uz 0d o +80 (Uy - Usz)? U3 o og — 3360 (Up —U3)® o oF og +480 (Up - U3)® Us 0 0F 05 +
1680 (U, —U3)® 0 of az +210 (Uy —U3)® af az - 6720 (U —U3)® oy o o3 +2880 (Uy —U3)® Uz oy o 03 —
960 (Up -~ U3)* U3 ag ap ag +192 (Uy —U3)3 ud oy ap az + 20160 (Uy - U3)® o oy 0 0 —

5760 (Uy - U3)° Uz 0 og 0 03 + 960 (Uy — U3) % UZ o g 0 03 ~ 20160 (U, - U3)® 0 o ap 05 +

2880 (Uy —U3)° Uz 0 o ap 0 + 6720 (Uy - U3)® o aq ap 03 — 5040 (Uy - U3)® o ap 05 +

720 (Uy - U3)5 Uz o ap ag + 5040 (U, - U3)8 ag o ap ag + 5040 (U, - U3)8 oy 03 ag -

1440 (uy - U3)® Uz oy 03 oz + 240 (U —Uz)* U§ oy 03 oz - 10080 (U, - U3)8 ag oy 03 ag +

1440 (uy - Uz)® Uz o oy 03 o3 + 5040 (U, - Ug)® 0f o 03 o + 2100 (Up - U3)® o 03 o5 -

5040 (u, - uz)®

840 (U, - U3)8 oy 0 ag + 1680 (U, - U3)8 a3 - 960 (U, - U3)° Uz o +480 (U, - u3)* U3 a3 -

Qq O(g [0&] +720 (Uz *U3>5 Uz o O(g [0&] +5040 <U2 *U3)6O(0 Qq O(g oz +

(
192 (u, - uz)3ud o + 48 (U, - uz)2 uj od - 6720 (U, - Uz)® ag o + 2880 (U, - Uz)® Uz o o -
960 (Uz*U3>4U% (04 O(§+192 (Uz*U3>3U§ Qo O(:Z;,JrlOOSO <U2*U3)60(g 0(5*2880 (Uz*U3>5U3 O(% O(%Jr
480 (U, - Ug)? U3 af 0 - 6720 (U, —u3) 8 o 0F + 960 (U, - Uz)® Uz of 0 + 1680 (U, - Uz)® of od +

5040 (u, - u3)8 a2 o - 1440 (u, - u3)® Uz a2 o + 240 (U, - uz)* uj o2 o - 10080 (U, - U3) 8 o of 03 +
1440 (u, - Uz)® Uz o o o + 5040 (U, - Uz)® 0f of o + 630 (U, - Uz)® of 0f -5040 (U, —Uz)® of on o +
720 (U, - U3)° Uz a2 ap o3 + 5040 (U, - U3)8 ag a2 ap 0 + 5040 (U, - Uz)® a3 of - 1440 (u, - Uz)® uz o3 of +
240 (U, -u3)* U3 03 o3 - 10080 (uy - U3)® o 03 0F + 1440 (Uy - U3) 5 Uz 09 03 03 +

5040 (up - U3)8 0 o2 o4 + 3150 (Up - U3)® 0?03 04 -840 (uy - U3)® o o + 120 (uy ~u3)® uz ol of +

840 (U, - U3)% ag a3 o3 +630 (U, - U3)8 af 0f + 420 (U, - Uu3)8 ad o3 - 5040 (U, - u3)8 aq ap a3 +

720 (Uy - U3)° Uz aq ap o3 +5040 (U, - U3)8ag ag ap 03 +1260 (Uy —Uz)® oy 0 of + 1260 (U, —uz)® of -
360 (Up - U3)° Uz +60 (Uy -Uu3)* U3 o - 2520 (U, - u3)8 ag o +360 (Uy - U3)® Uz agaf +

1260 (up - u3)®0d of +630 (U, - u3)8 a? of + 630 (Uy —U3z)® 08 o + 70 (up - u3)® o)

)5
)5
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( r*[¢] )

1 1 1
Rvadrat [¢ ] :=Function[{a, e}, x=— a(l—ez) = A =—;
2 2a A
3 1
qq=——(\/((24n+12n2)+(3—108r7—378n2—324773—81174)Ai2—121i4))1i;

2 (-32i2+1)%2

z=-AcSn[qql;

U1=."l—3//\2 : i -114’1-3/12 Sin[g]z;
l+4/1—3/12 ’ i

1 3/ a2 o 1 E s o 1%12].

2 -~ _\/3—1/1-3/1 Sn[3]+2.‘/1-3/)\ s|n[6] :
1+4/1—3/)LZ

1 3/ 2% 2 o 1 E » o 1%2]

8= +\/3—1/1-3/1 Sn[3]+24/1—3/)\ S|n[6] :
1+4’1-3/12

1 w2 -3
na=——————; m="—"";

A/uL-w UL -8
1 7 2 3ma 7ma?) 1 7 2 m mal

0123 = {- 14— - = Le—m 4 ,
2 \2H |ipticK[ma] 8 64 2 \2H”H lipticK[ma] 2 256

1 ( 7 2 (ma m?) 1 7 2 ma?3

- == - . o
2 kZEIipticK[r’ra] 8 8 2 \2H”H lipticK[ma] 256

KKK = Prepend [Al | Cf [AD123, W2, W3], QOf [A0123, W2, W3]];

Do[s = I f [Abs [KKK[[i 1] /KKK[[1]]] > 107, i, s], {i, 2, 18}];

T

)il o]}

ven:KKK[[l]]+Sum[(—l)i KKK [ [i +1]]O)S[(2E”_ T
i pticK[ma] na

( End I‘Z[d)] %)
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InvFun[xz_, {a0_, a1 _, a2 , a3 , a4 , a5 , a6_, a7r_, a8 , a9 , al0_}]:=
XT 1
- +
a0 737280
3840a1° (-24+5a2° +a2° +6a3* +4a4-8a2 (1+ad)) -
960 al* ((-10+a2) a3+2a5) -011520a1* (a3 (8-4a2+a2°-4a4) +4a2a5) +

46080 (a2®a3+4a2a3 (-2+ad) +2a2” (a3-a5) -8a4 (a3+a5)) -

(-a1®+16al’ (5+a2) -336al°a3+96al° (-10a2+7a2° +8 (-5+ad)) -

Xt
11520al (-1682° -4a2° +a2* -8a2 (-4 +a3° -224) - 16 (-4+a3” +a4’ -a3a5))) Sin[— | +
ao
1

(8640 a1” - 2880 al* + 360 a1® - 24 a1® +a1'® - 17280 a2 + 17280 a1 a2 - 3600 al* a2 +
17280

336 al1® a2 - 18 a1® a2 - 4320 a12 a2? + 1440 al* a2? - 168 a1® a2? + 8640 a2 - 8640 a12 a2° +
1680 al* a2® + 720 a1? a2* - 1440 a2° - 17280 al a3 + 8640 a1® a3 - 1584 a1® a3 + 144 al’ a3 +
17280 al a2 a3 - 2880 al1® a2 a3 + 8640 al a2? a3 - 2880 a1® a2? a3 - 11520 al a2° a3 -
8640 al1? a3? + 3240 a1* a3? + 17280 a2 a3% - 12960 a1? a2 a32 + 4320 a2 a32 +
8640 al a3® - 8640 a1 a4 + 2880 al* a4 - 336 a1® a4 - 17280 a2 a4 + 17280 al? a2 a4 -
4320 al* a2 a4 + 8640 al? a2 a4 + 5760 a2° a4 + 17280 al a3 a4 - 5760 a1l a3 a4 +
8640 a3? a4 - 8640 al? a4? + 17280 a2 a4? - 2880 a13 a5 + 720 a1® a5 - 17280 al a2 a5 +
8640 a1® a2 a5 + 8640 al a2? a5 - 17280 a3 a5 + 17280 al> a3 a5 + 17280 al a4 a5 -
2 Xt
] +

720 al* a6 - 8640 al” a2 a6 - 8640 a2° a6 - 17280 al a3a6 - 17280 a4 a6) Sin [
a0

1

243 a1° - 1944 al” (1+2a2) + 13608 a1® a3 + 864 a1® (10 +27 a2 - 30 a4) -
40960

4320a1* (3 (4 +a2) a3 -8ab) -5760al” (a3 (-16 +27a2* +12a4) +8 (1-3a2) a5) +
1920 a1® (-8 -9a2? +36 a2 + 27 a3” +36 a4 - 36 a2 (1 +ad) - 12 a6) -
3840al (18a2°+9a2* -12a2” (1+3a4) +8 (2a4-3a3ab5) +2a2 (-8+9a3”-12a4 +12a6)) -

3Xxt
2560 (-18a3° +24 a2 a5 +a3 (16 -36a2” +9a2° - 36 a2 a4 +24.a6) ) ) Sin[— | +
a0
1
— (315a1* -252a1° +84a1° - 16 a1'® - 1890 a1® a2 + 2520 al* a2 - 1176 a1® a2 +
945

288 al1% a2 + 945 a2? - 3780 al? a2? + 2520 al* a2? - 672 a1% a2? + 2520 a1? a2® - 3360 a1* a2® -
1260 a2* + 5040 a12 a2* + 1890 al a3 - 3780 a1® a3 + 2520 a1® a3 - 864 a1’ a3 + 3780 al a2 a3 -
5040 a1® a2 a3 + 3024 a1® a2 a3 - 7560 al a2 a3 + 10080 a1® a2? a3 - 5040 al a2° a3 +

1890 a1? a3? - 3780 a1* a3? + 1890 a2 a3? - 3780 a22 a3? - 3780 al a3® - 945 a4 +

3780 a1 a4 - 3780 al* a4 + 1680 al1® a4 + 3780 a2? a4 - 15120 a1 a22 a4 + 5040 a1® a3 a4 +
3780 a3? a4 - 1890 al a5 + 3780 al1® a5 - 2520 a1® a5 + 3780 al a2 a5 - 5040 a1® a2 a5 +

7560 al a2? a5 - 3780 al? a3 a5 + 3780 a2 a3 a5 - 1890 a1? a6 + 2520 al* a6 - 1890 a2 a6 +

4XtT
7560 a1 a2 a6 + 3780 al a3 a6 - 1260 al® a7 - 3780 al a2 a7 - 1890 a3 a7) Sin [ ] +
a0
1
(-78125a1° + 25000 a1’ (7 + 50 a2) - 2625000 al® a3 -
516 096

84000 al1® (2 +25a2 + 50 a2” - 50 a4) +420000 al* ((8 + 25a2) a3 -12a5) +
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336000 a1’ (15a2° +a2 (4-20a4) -3 (5a3” +4a4-4a6)) +26880al
(-50a2° + 125 a2* -60a2° (1+5a4) +12 (5a3° +4a4-4a6) -30a2 (5a3” -4 (a4 +ab))) +
32256 (-125a2° a3 -16a5+100a2°a5+20a2 (a3 (2+5a4) -2a7)) +

5X1:] .
1

— (3024 a1° - 3888 a1° + 2187 a1'® - 30240 al* a2 + 54432 a1° a2 - 39366 a1® a2 +
8960

60480 al? a2? - 181440 al* a2? + 176 904 a1® a2? - 13440 a2® + 120960 a1? a2® - 136080 a1* a2° -
136080 a1? a2* + 30240 a2°® + 40320 a1® a3 -90720 a1® a3 + 81648 a1’ a3 - 80640 al a2 a3 +
362880 a1% a2 a3 - 489888 al® a2 a3 - 120960 al a2 a3 + 181440 al1® a2 a3 + 362880 al a2® a3 +
13440 a3? - 120960 al1? a3? + 272160 al* a3% - 120960 a22 a32 - 40320 al1? a4 + 120960 al* a4 -
136080 a1® a4 + 26 880 a2 a4 - 241920 al? a2 a4 + 453600 al* a2 a4 + 181440 al? a2? a4 -

120960 a2® a4 + 80640 al a3 a4 - 362880 al® a3 a4 - 241920 al a2 a3 a4 + 60480 a1® a4? +

40320 a2 a4? + 26880 al a5 - 120960 al1® a5 + 181440 al® a5 + 80640 al a2 a5 - 241920 a1® a2 a5 -
241920 al a2? a5 + 120960 a1? a3 a5 + 80640 a2 a3 a5 - 8960 a6 + 80 640 al2 a6 - 181440 al* a6 +
80640 a2 a6 - 26880 al a7 + 120960 a1® a7 + 80640 al a2 a7 - 40320 a1” a8 - 26 880 a2 a8)

6Xxt 1
] + (823543 a1° - 268912al’ (2 +49 a2) +22588608 al® a3 +
a0 1474560

1613472a1° (4a2 +35a2* -20a4) -9219840 al* (a3+14a2a3-4ab5) -
1317120a1° (14 a2* +49a2° -42a3” -8a4 -84 a2a4 + 24 a6) +
2257920 al1” (49a2° a3 +14 a2 (a3-2a5) -4 (7a3ad +a5-2a7)) +
184320 (-49a2°a3+28a3 a4 +28a2a5-8a7) +26880al (392a2° + 343 a2* - 1176 a2° a4 -
] +
1
— (1152a1° - 2048 a1'° - 16 128 a1° a2 + 36 864 a1® a2 + 60480 al* a2” - 193536 a1°® a2” -
2835
60480 al? a2® + 322560 a1 a2 + 7560 a2* - 120960 a1’ a2* + 24192 a1® a3 -64512 a1’ a3 -
120960 al® a2 a3 + 483840 al® a2 a3 + 90 720 al a2? a3 - 725760 al® a22 a3 + 120960 al a2° a3 +
45360 al? a3% - 241920 al* a3? - 22680 a2 a3 + 362880 al? a2 a3? - 30240 al a3® -
30240 al* a4 + 96 768 a1® a4 + 90720 al? a2 a4 - 483840 al* a2 a4 - 22680 a2 a4 +
362880 al1? a2? a4 - 45360 al a3 a4 + 362880 al1® a3 a4 - 181440 al a2 a3 a4 + 5670 a4? -
90720 al? a4? + 30240 al1® a5 - 120960 al1® a5 - 45360 al a2 a5 + 362880 a1® a2 a5 -

90720 al a2? a5 + 11340 a3 a5 - 181440 al? a3 a5 + 45360 al a4 a5 - 22 680 al? a6 +
120960 al* a6 + 11340 a2 a6 - 181 440 al®> a2 a6 + 45360 al a3 a6 + 11340 al a7 -
] +

8xt
(-531441a1° + 8503056 al’ a2 - 13226976 a1° a3 - 4408992 al1° (a2’ -4 a4) +
1146880

9797760 al* (9a2a3-2a5) +2177280a1® (27 a2° -18a3% -36 a2 a4 +8 ab) -
1451520a1” (81a2° a3 -36a3 a4 -36a2a5+8a7) -
80640 al (243 a2* -648a2° a4 -72a2 (9a3’ -4 a6) +16 (9a4” +18a3a5-4a8)) +

201600 a1” (a3 (-8-40a2 +25a2% +20a4) +16a5-8a7)) S n[
ao

Sin[

77Xt

168a2 (7a3”+4a4-4a6) -48 (7a3’-7a4*-14a3a5-4a6+4a8))) S n[
a0

90720 al® a7 + 45360 al a2 a7 - 2835 a8 + 45360 a1l a8 - 11340 al a9) Sin [
a0

1



A. Schwarzschild equations 51

71680 (243a2°a3-54a3° -324a2a3a4 -162a2° a5 +72a4a5+72a3 a6 + 72a2a7 - 16 a9))

9xz. [78125a1% 78125a1%a2 15625al’a3 3125
sin . -al0- . . al® (5a2%-2a4) -
a0 l 145152 8064 1008 288

625 625
— al® (5a2a3-a5) -— al* (25a2° -15a3° -30a2a4 + 6 a6) +

24 144

125 5
— al® (25a2°a3-10a2a5+2 (-5a3a4 +a7)) -— (25a2°-100a2° a4 -

12 24

30a2° (5a3°-2a6) +12 (5a3”a4 -a5” -2a4a6-2a3a7) +12a2 (5a4° +10a3a5-2a8)) +

25 5

— al® (125a2" - 300 a2 a3” - 300 a2 a4 + 60 a4” + 120 a3 a5 + 120 a2 a6 - 24 a8) - — al (125

48 6

10 xt

a2®a3-25a3° - 150a2a3a4 - 75a2° a5 + 30 a4 a5 + 30 a3 a6 + 30a2a7 - 6.a9) | Sin[—— |;
a0



A. Schwarzschild equations

1 1 1
sodc[tt ] :=Function[{a, €}, A=— a(l—ez) Tn=-—; A =—;
2 2a A
3 1
qq=——(\/((24n+12n2)+(3—108n—378n2—324n3—81n4))Li2—12/1i4)))Li;

2 (-3ai2+1)%2

=-AcSn[qql;

1/1 3/2% + _ MY f1,1—3/128in[—g]2
4’1 3/ ’ °
1 3/)‘2 2 2
U2=; \/7 \/—4,1 3/ S|n 1,1 3/ S|n
1+4[1-3/ 2%
1 3/12 2 2
LB:; \/7 \/—1’1 3/ S|n 4,1 3/ S|n
1+4[1-3/2%

nag = —mm——: - —_—

1 7 2 3ma 7na? 1( n 2 m nal
A0123={— 1+ - = 1+— + :
2 \2H lipticK[ma] 8 64 2 kZEIIipticK[ma] 2 256

1( 7 2 fma ma?) 1 n 2 ma?3
- — .= - . o
2 lZEllipticK[ma] 8 8 2 \28 lipticK[ma] 256

KKK = Prepend [Al | Of [A0123, W2, U3], COf [AD123, W2, W3]]:

KKK #1711 1
aaa:TabIe[(—l)' _— ., {i, 10}]; O =Prepend[aaa, 11;
KKK [1]] i
2H lipticK[ma] na AT
ven = InvFun[tt ,G”;
7 4B lipticK[ma] naKKK[[1]]

(+ End olkd *)
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K+0O
kx[x_, 0 1= ;
2
-K+0O
Sk[k_, o ]=
2

Dodaj [sss_] =|f [Mbd [sss, 2] == 0, O, 11;
Produkt = Functi on[{KT, KS3,

Vsotax[o , KTi _, KSi_]:=
1

Sum[KTl [[1+kx[2i +Dodaj [0], 0111 KS [[1+Sx[2i +Dodaj [o], o]11]—,
2
{i, -Abs[IntegerPart [c/2]] -Dodaj [o], Abs[l ntegerPart [c/2]]}];
Vsotao[x_, KTj_, KS _] :=Sum[KTj [[1+kx[x, 2i +Dodaj [x]]1]
1
KS [[1+sx[x, 2i +Dodaj [x]]11]—, {i, Abs[IntegerPart [x/2]],
2
I nteger Part [M n[Lengt h [KT], Length[KS]] /2] - Dodaj [x]}];
ven = Tabl e[Vsotax[i, KT, KS] +1f[i ==0, Vsotao[i, KT, KS],
Vsotao[i, KT, KS] +Vsotao[-i, KT, KS1], {i, 0, Mn[Length [KT], Length[KS]]-l}]];
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A. Schwarzschild equations

(=

tlo] %)

1

Scthinre::Function[{a, €}, A== qfa(1-€%);
2

1

n=-—">;
2a
1

Al =—;
A
3 1

qq = — (\/((24n+12r72)+(3—108r7—378r72—324r7 -81ln*) Ai%-12a ))z,
2 (—3)Li2+1)3/2
-ArcSin[qql;

q’1 3/ 4 M fﬂfl_s/fsm[—g]z;
ﬂ,1 3/22 ’ °
! /AZ 2 2
u2=; \/7 \/—4,1 3/ S|n 1,1 3/ S|n
1+4[1-3/2%
1 3/12 2 2
LB:; \/7 \/—4,1 3/ S|n 1,1 3/ S|n
1+4[1-3/ 2%

1
na =
U -3
w2 -3
m = —;
UL -3
1 P 2 3ma 7mal 1( 7 2 m a2
£0123 = {- 1ea— - = lem 4 ,
2 L2Btiptickimy 8 64 ) 2 \281ipticKma] 2 256

1 ( 7 2 ([ma ma?) 1 7 2 ma?3
- _+_ 1 - ’ O};
2 kZEIIipticK[rra] 8 8 2 \2H lipticK[ma] 256

KSQ= Prepend [Al | O [A0123, W2, W3], QOf [A0123, W2, W3]1]; Kkm=HlipticK[mal;

qm=e—7rElIipticK[1—nn]/Kkm’ Energ=1+m; Kiims=

J{Energ+(Energ (Kkn?ma(1+qm(-1+qm+qrri‘-qms+qn?))2L12-27r2qm(1+qm(1+(-1+qm) aqm)
(-4+gm(1+qgnf) (7+am (-9 +gm (8 +gm (-7 +gm (6 + (-3 +am) qm)))))))
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(UZ—-LB)))/- (Kkn?ma (1+qm(—1+qm+qn‘1‘-qn?+qn?))2) +
1

Energ (Kknﬁ‘rra2 (1-ams+qgnt +qr'nr’—qrr‘?+qrﬁ)4
Kknf na? (1+qu?)4 (1-qm+qrr?-qn?+qm‘)4
W22 - 4 Kknt nanzqm(l-qm+qn?+qn‘7’-qn§+qrr?)2 (1-4gm+11qnf -20gn? + 31 gnf -
40 gn? + 45 gn? - 40 gnd +31 gnf - 20 gn? + 11 gqnt® -4 gnt* + gnt?) 2 (2 - WB) +
27" gnt (3 -20 qm+ 92 gnf - 296 qn? + 777 qnf - 1716 gn? + 3340 gnf - 5764 g +
8941 qn¥ - 12480 gn? + 15816 qmi® - 18 204 qnt* + 19095 qnt? - 18 204 qnt® + 15816 qmt* -
12480 qnt® + 8941 qnt® - 5764 qnt’ + 3340 qnt® - 1716 qmt® + 777 qnt® - 296 gnf* + 92 qnf? -

= i , 2 Energ 7% gm (1 + gm+qgnt + gn? + qnf) (L2 - LB)
20 gnt® + 3 gnf?) (R -WB)?), - -
) Kknf ma (1 +qm)? (1 -gms+qgnf - gn? + gnf)

(4Energ7r2qm(l<kn?na (1 +am+qgnt +qn? + gnf) (l—qm+qn‘?+qmr’—qn?+qrﬁ)2UZ—
27°gm(1-2gm+7qgnf -7 qnt + 13 gnf -9 qn? + 12 gn? - gnf + 7 gn? - gn? + 12 gnt® -
9 gnt' + 13 gnt? - 7 gt + 7 gnt* - 2 gnt® + gni®) (UZ—LB)) (UZ—lB))/
(Kkrﬁ1 ma? (1 +qm? (1-qm+qrﬁ)2 (1-am+gnf - gn? +qnﬁ‘)3),
4 Energ = qnt (1+qnf) (U2 - B)

- +

Kknf ma (1 +gn? +gn? + gnf)

(2Energ7r2qn? (—4Kkn7rrra (1+anf) (1—qm+qn?+qn’?—qn?+qn7)2U2+7r2 (1+6agm-21qnf +
67 qnt - 108 gnf + 184 qn? - 245 gnf + 333 gnf - 331 gnf + 353 gn? - 331 gnt® + 333 gnt! -
245 qnt? + 184 gnt® - 108 qnt* + 67 gnt® - 21 gnt® + 6 gnt” + gnt®) (U2—LB)) (LE-LB))/
(Kknﬁ1 ma? (1+gm? (l—qm+qn?)3 (1-am+gnf - gn? +qn1‘)3),

2Energx*qgn? (3-5qgm+7gnf -5qn? +3qnt) (L2 -B)
- +

Kkrﬁma(1+qrr?)2 (1-am+qgnt - gn? + gnf)
(4Energ7r2qn? (—Kkrr?rra (3-5am+7gnf -5 qgnt + 3 gnft) (1—qm+qn?+qn1r’—qnj?+qn7)2LQ+
27 (1-9anf +47 qn? - 126 qnf + 264 qn? - 442 qnf + 642 qnd - 792 qnf + 856 qn -
792 qni® + 642 gt - 442 qnit® + 264 gnt® - 126 gnit* + 47 gt - 9 qt® + gnt®) (W2 - LB))
(U2—LB))/ (Kkrri‘mat2 (1+qrr?)4 (1—qm+qn?—qn?+qm‘)3),
(4Energ7r2qrﬁ1 (-2Kkn?na(1-qm+qn?+qn?-qn?+qrﬁ)2UZ+
7 (5-8gm+9qgnf + 11 gnt - 33 gnf + 76 gn? - 107 gn? + 134 gnf - 107 gn? +
76 gnf - 33 qnt® + 11 gnt* + 9 gnt? - 8 gt + 5 gnt*) (uz-ua)) (uz-us))/

4 Energ 72 gnf (-2 + W3)

Kknf ma (1 +qn? + gn? + gnf)

(Kkrri1 ma? (1+qm? (1-qm+qrﬁ)3 (1-agm+gnf - gn? +qrﬁ‘)3) +

(4Energyr2 qn? (—Kkrr?rra (l—qm+qn?)3 (1+qrﬁ)2U2+
27° (4-13gm+28qgnt - 41 qn? + 53 gnf - 54 gn? + 50 gnf - 38 qn + 36 gn¥ - 38 gn +
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50 qmi® - 54 qnt* + 53 qnt? - 41 gt + 28 gmt* - 13 gnt® + 4 qnit®) (uz-ua)) (U2—LB))/
2 Energx? gn? (-2 + UB)
(Kkrﬁ1 a2 (1—qm+qrr?)3 (1+qrﬁ)4) + , 0, 0, O};
Kkn?ma(l+qn§)2
Kff = Produkt [KSQ Ktim]2/2; ss =0; Do[ss =If [Abs[KFf[[I]]/Kf[[11]] >107% I, ss],
Kkmna o

Sin[s
s 2 na Kkm

{I, Length[Kff]}]; Funx = Prepend [Table[(—l)sz ] {s, ss}], ¢];

ven = Sum[Kff [[i 11 Funx [[i 11, {i, ss}]];

(x End t[o] +)



FROM MUTUAL TO GLOBAL CONSTANTS B
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B. From mutual to global constants of motion

(%
To calculate {t , t'} for two satellites
moving on orbits with parameters

MC1 and MC2 (MC:{a,e,t,ﬂ,w,tperi})
*)

RotZ[One_] : = {{Cos[One], -Sin[Om®], 0}, {S n[Qre], Cos[Oe], 0}, {0, O, 1}}
Rot X[One_] : = {{1, O, 0}, {0, Cos[O®], -Sin[Qme]}, {0, S n[Owe], Cos[O®]}}
RMIA_] : = ROt Z[A[[4]11]. Rot X[A[[3]11]. Rot Z[A[[5]1]

GbitalA, ¢_] 1=R|V|[A]-{A[[1]] (Cos[¢] -A[[2]11), A[[11] \1-A[[2]]* Sin[¢], 0}

ri¢g., {a,e, c,Q,w,tret_}]=0Cbita[{a e (, Q w}, ¢];

ér [MoKol , MoKo2_, @i _, ¢i _] =
((r [¢i, MOKOL] -t [¢i, MoK02]). (r [¢i, MKo1] -r [¢i, MoKo2]))/?;
(» eccentric anomaly & as a function of average anonaly M «x)

2
oM, e_] :=M+Sum[— Bessel J [k, ke] Sin[k M], {k, 5}];
k

Ar = Functi on[{t, tp, MdtionConstl1, MdtionConst2},

t —MotionConst 1[[6]]
dear [¢a, ya]; ¢a =g : l\btion(bnstl[[Z]]];
Mot i onConst 1[[1]13/2
tp-MtionConst 2[[6]]
ya=g , MJtionO)nstZ[[Z]]];
Mot i onConst 2[[1]13/2

ven = &r [Moti onConst 1, MotionConst 2, ¢a, wa]];

Ret = Function[{t, MtionConstl, MtionConst2},
0 = Ar [t - MotionConst 1[[6]], t -MtionConst 2[[6]], MtionConst1, MtionConst2];
res = Fi ndRoot [ar [t, t -z, MtionConstl, MtionConst2] == t,
{t, 0}, Worki ngPrecision- 52]; ven=t /. res]j;

(%

If MotionConstl and MotionConst2 are
constants of motion of satellites 1 and 2,
Casi will generate the pairs

{t,t'} along eight orbits
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( 1 1

+

Functi on [{MJti onConst 1, MdtionConst 2}, vm=

kM)ti onConst 1[[1]11%/2 MotionConst 2[[1]1%/2 ’

27i 27 27
-Ret[

ven = Tabl e[{ , MotionConst1, MdtionConst 2]} {i, 400}]];

vm50  ym50 ym50

(+ Solve for orbital
parameters from {t,t'} %)

(% distance with respect to mutual constants %)
6R[{a_, ap_, e_, ep_, L, Q,w ,1t0 }, &, ¥ ]:=

(apZSi n[el? [1’1—ep2 Cos[w] Sin[y] + (-ep + Cos [¥]) S n[w]

{a‘\/l—ez Sin[¢] +ap (ep-Cos[¢¥]) (Cos[c] Cos[Q] S n[w] +Cos[w] S n[Q]) -

2
apqll-epz Sin[¥] (Cos[c] Cos[w] Cos[Q] - Si n[w]Sin[Q])] +
(a (—e+Oos[q>])+ap»\’1—c-:p2 Sin[y] (Cos[Q] Sin[w] +Cos[c] Cos [w] Sin[Q]) +

2
ap (ep - Cos [¢¥]) (Cos[w] Cos[Q] -Cos[c] Sin[w] S n[Q])] J;

2

+

AR = Functi on[{t, tp, MdtionConst}, dear [¢, ¥];

t
b=0 , M)tionConst[[B]]];
Mot i onConst [[1]]1%/2

tp-MtionConst [[8]]
Y=0 , MotionConst [[4]]]; ven = SR[Moti onConst, ¢, z[z]];

Mot i onConst [[2]13%/2

(x ldentities: %)
Sinplify]
6R[{a, ap, -, -ep, L, Q+7, w+m to}, F+m P+n]®-6R[{a ap, € ep, ¢, Q w, to}, F, PI?]

Sinplify[sR[{a, ap, € ep, -1, @ w to}, F, PI?-6R[{a, ap, €, ep, ¢, Q o, to}, F, P]]
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Sinplify[sR[{a, ap, -e, ep, t, @ w+m, to}, F+x, PI*-6R[{a, ap, €, ep, ¢, Q w, to}, F, PI?]

Sinplify[sR[{a, ap, e -ep, ¢, @+, w, to}, F, P+x]*-6R[{a, ap, €, ep, ¢, Q w, to}, F, PI?]

(% Action %)
Akcija =
Function[{Vsi Casi, tperl, InMC}, SetPrecision[Sum[((VsiCasi [[i, 1]]1-VsiCasi [[i, 2]1) C -
AR[Vsi Casi [[i, 111 -tperl, VsiCasi [[i, 2]], InMC]1)?, {i, Length [Vsi Casi 1}]. 32]];
(*x angular momentum and Runge-Lenz vectors —
Cartezian components x)

NAIMC_] @ = 4 [MCI[1]] (1-MC[[2]10°)

{SIn[MC[[3]1] SIn[MC[[4]]], -Cos[MC[[411]1 Sin[MC[[311], Cos[MC[[3]11};
NRIMC_] :=MC[[1]] (1-MC[[2]1%) MC[[2]]
{Cos [MC[[5]1] Cos [MC[[4]]] - Cos [MC[[311]1 Sin[MC[[5]11] Sin[MC[[4]1],
Cos [MC[[311] Cos [MC[[411]1 SIn[MC[[5]11] +Cos [MC[[5111 S n[MC[[4111,
SIn[MC[[3111SIn[MC[[5111};
(* Redureduces periastron passage time to
within the nearest periode of t=0,
RedT calculates Cartesian components of

angular momentum and Runge-Lenz vector =)
Redu = Function[{A}, al =a /. A[[2]]; a2 = ap /. A[2]; T1=ral®? T2 = ra2’?
tpl = (x /. A[[2]1]); tp2 = (tper /. A[[2]]); ven = {Mxd [tpl, T1], Moud [t p2, T2]}];

(*RedT=Functi on [{A}, al=a/. A[[2]]; @2=ap/. A[2];

Tl=r al3/?; T2=r a2%/?; el=e/. A[[2]]; €2=ep/. A[[2]];tpl=(X/. A[[2]1]);
tp2=(tper /. A[[2]]); Qre=Q/. A[[2]]; one=w/. A[[2]]; MOl={al, €1, 0, 0, O, t p1};
MR2={a2, €2, /. A[[2]], Qre, one, tper /. A[[2]1};

ven={{(* al(1-e1?) *x)nA[MOL], (+al(1-€1?)elx) NRIMOL], (x4 [a2(1-€22) %)

NA[MR2], (xa2(1-€22)e2x) nR[MR], {Md [t pl, T1], Mbd [t p2, T2]}}}]; %)

RedTn = Funct i on[{A}, al=a /. A[[2]1]; @2 =ap /. A[2]; T1 =nal®? T2 =na2’?

el=€e/. A[[2]]; €2=€ep /. A[[2]1]; tpl = (x /. A[[2]1]); tp2 = (tper /. A[[2]]);

Oe=0q/. A[[2]]; onme =w /. A[[2]]; Selectn = {el, €2, (, O, one, tpl, tp2};

NewSel ectn =1f [el <0, If[€e2<0, {-€l, -€2, ¢, Qe+, ome+mx, tpl+T1l/2, tp2+T2/2},
{-€l, €2, ¢, O, one+m, tpl+T1/2, tp2}],
If[e2<0, {€l, -€2, ¢, Qre +x, ore, tpl, tp2+T2/2}, {€l, €2, (, O, one, tpl, tp2}]11;

MIL = {al, NewSel ectn[[1]], O, O, O, NewSel ectn[[6]]};

MR =

{a2, NewSel ectn[[2]], ¢ /. A[[2]], NewSel ectn[[4]], NewSel ectn[[5]], NewSel ectn[[7]11};
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ven:{{(* al(1-e1?) »)NA[MOL], (+al(Ll-e1?)els) NRIMDL], (x4 [a2(L1-€22) ¥)
MA[MR], (+a2(1-e22)e2«) NR[MR®], {Md [tpl, T1], Md [t p2, T2]}}}];
(+ Resitev calculates mutual constants of
motion {a,ap,€ep,,Qw,tper};
the first guess valuesdon't seem to be too important,
but if they are too far from the correct
solution one might get a bad solution,

which will show as a large actionx)
Resitev = Function[{Ti nTb}, Res = Fi ndM ni num[
Akcija[TinTb, x, {a, ap, €, €p, ¢, Q w, tper}], {a 1.0}, {ap, 1.0}, {e, 0.01},
{ep, 0.01}, {, 0.7}, {Q 0.2}, {w, 0.6}, {tper, 0}, {x, 0}]; ven = {Res, Redu[Res]}];
(* In additionto the output of Resitev the Cartesian
components of the angular momenta and Runge-
Lenz vectors are givenin a frame where the angular
momentum of satellite 1 and its Runge-Lenz vector

are inthe directions {0,0,1} and {1,0,0} respectivelyx)
ResitevKart = Function[{TinTb, Initial Quess}, aG=1Initial Qiess[[1]];
a@ =1Initial Quess[[2]]; eG=1Initial Quess[[3]]; eP =Initial Quess[[4]];
tG=1Initial Quess[[5]]; @G=Initial Quess[[6]]; wG=Initial Quess[[7]];
tperG=1Initial Quess[[8]]; xG=1Initial Quess[[9]];
Res = Fi ndM ni mum[Akci j a[Ti nTb, X, {a, ap, €, €p, ¢, Q, w, tper}], {a aG},
{ap, a@P}, {e, €G}, {ep, eP}, {., G}, {Q G}, {w, wG}, {tper, tperG}, {Xx, xG},
Stephbnitor > Print [{a, ap, €, €p, ¢, Q w, tper}]]; ven = {Res, RedTn[Res]}1;
(» ResitevKart output:
ven[[1,1]] .... Akcija
ven[[l,21].... {a—»a, ap-a' , €=, €P-s, L3, O, W, t Per -t per 2, Xt per2}

ven[[2]11[[1,1]].... A |cartezian conponents ... .7Ll={0, 0, 4 /a(1-€?) }]

ven[[2]1[[1,21].... R (cartezian conponents ... R1={ae(l—e2),0, 0})
ven[[2]11[[1, 3]11.... 22
ven[[2]1[[1,4]1]1.... R
ven[[211[[1,511. ... {tperi®, tperi?}
*)

(+ calculates constants of motion a,e€,¢(,

w from Cartesian components of A and R x)
Fr onKar t =Function[{N7L, NR}, r0 = NA. Nx;

NAn:NA/ \/ro;
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R =4/NR NR;

eps =R /r0;
NR1 = NR/ Rn;

N\N = O oss [Nan, NRnJ;

nc =ArcOos[N7L[[3]]/ \/E];

ame = Ag[(NA[[2]] -aNA[[1]])] +7;
ro

wme = Arg[- (\N[[3]] + 2 NR1[[3]])] + 7 out ={ , eps, nc, e, wie, o}];

1 - eps?

MC={a, € (, Q o tperi}

(+x Set example constants and tests =)
M2 = Set Preci si on[{l.os, 0. 001, 101, 351, 27l, i}, 60];
180 180 180 10

7T 7t bud 3
MCL = Set Preci si on[{l, 0.002, 40—, 60—, 47—, —}, 60];
180 180 180 10

7T 7T 7T 7
MC3 = Set Pr eci si on[{l, 0.0015, 40—, 60—, 47—, —}, 60];
180 180 180 10

¢ = 86000;
Pl ot [6r [MCl, M2, ¢, ¢], {¢, O, 8}]
(* test retarded tine x)

Test Ret = Function[{tnl}, dtret = Ret [tnl, M, M2];
Ar [tml, tnl -dtret, MCl, M22]; Ar [tnd, tml-dtret, MCl, M2] -cdtret];

Test Ret [3. 000000000000000000000000000000000000000000000000000000000000000000000000]
Ti mibl 12 = Casi [MC1, M27];
Ti nTbl 21 = Casi [M22, MCl];
Ti mibl 13 = Casi [MCl, MZ37;
Ti mibl 31 = Casi [MC3, MCL];
Ti mTbl 23 = Casi [M22, MZ37];
Ti nTbl 32 = Casi [M23, M2];
Li st Pl ot [{Ti nTbl 12. {1, 0} - Ti nTbl 12. {0, 1}, Ti mrbl 21. {1, 0} - Ti mibl 21. {0, 1}}]
ListPl ot [

{Ti mrbl 12. {1, 0} -Ti mbl 12. {0, 1} - Ti mTbl 21. {1, 0} + Ti nTbl 21. {0, 1}}, Joi ned - True]
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(+ rotate the Cartesian vectors A=A{0,0,1},
R=R{1,0,0}, A'=..., R'=... given by the solution of
ResitevKartinto the frame in which satellite's

1 has angular constants of motion are ¢, Q, w %)
ReduceToBaseFr ane(f t Frane =
Function[{Mn, Soln}, RRR=RM[Mn]; ven =Tabl e[RRR. Sol n[[2]]1[[1, i1], {i, 4}1]1;

(xTest that constants of motion as found by

minimizationprocedure give the original valuesx)
B12 = Resi tevKart [Ti mrbl 12, {1, 1.05, 0.0019, 0.001, -0.54, 0.1, -.1, 0.3, 0. 2}]
FronKart [B12[[2]1[[1, 1]1], B12[[2]]1[[1, 2]]]
FronKart [B12[[2]1[[1, 3]], B12[[2]]1[[1, 4]1]1]
BaseCart 12 = ReduceToBaseFr aneCf t Fr ame [MCL, B12]
Faktor = {1, 500, 1, 500}
S 1 = Show[Tabl e[

Q aphi cs3D[{Red, Dashed, Arrow[{{0, O, 0}, Faktor [[i ]] BaseCart12[[i 11}1}1, {i, 4}11;

Fi g12 = Show[Q aphi cs3D[{Bl ue, Arrow[{{0, O, 0}, nA[MC1]}1}1,

Q aphi cs3D[{Bl ue, Arrow[{{0, O, 0}, 500 nR[MC1]}1}1,

@ aphi cs3D[{B ue, Arrow[{{0, O, 0}, nA[M22]1}1}1,

@ aphi cs3D[{B ue, Arrow[{{0, 0, 0}, 500 nR[M22]1}1}1, S 1, ViewPoint » {5, 2, 1}]
BaseCart 12[[1]] -nA[MZ1]
BaseCart12[[2]] - nR[MC1]
BaseCart 12[[3]] - nA[M22]
BaseCart 12[[4]] - nR[M22]

{{5.87848x10%, {a> 1., op>1.05 - -0.002, ep - -0.001,

t - -0.54415, © - 21.3131, w- -28. 3555, tper - -30.2212, x » -21. 6911}},

{{{0., 0., 0.999998}, {0.00199999, 0., 0.}, {0.332761, 0.413127, 0.876695},
{0. 00076934, -0.000713211, 0.0000440746}, (0.3, 0.2}}}}
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1.11022x10°%6, 0., -1.11022x101¢}

1.16226 x 10713, -2.64594 x 10713, -2. 64233 x101}

{-
{2.16678 x10°!%, -1.30863 x 1015, -7.06358 x 101¢}
-
{

3.41524 x 10716, -1.36609 x 10715, 6. 91314 x 10‘17}

err = FronKart [BaseCart 12[[1]], BaseCart12[[2]]] - MC1

{—4. 44089 x 10716, —1.50227 x 10715, 1.11022 x 10716, -4. 44089 x 10716,
0., -0. 30000000000000O000000000000000000000000OOOOOOOOOOOOOOOOOOOOO}

err = FronKart [BaseCart 12[[3]], BaseCart12[[4]]] - M2

{0. , -9.82287 x107%6, 1.49214 %1013, -1.388x 10712, 4. 96048 x 1013,
-0. 2000O00OOOOOOO0OO00000000OOOOOOO0000000000OOOOOOOOOOOOOOOOOO}



B. From mutual to global constants of motion 65

B21 = Resi tevKart [Ti nThl 21, {1.05, 1.0, 0.001, 0.002, -0.5, 0, O, 0.2, 0.3}]
FronKart [B21[[2]1[[1, 111, B21[[2]11[[1, 2]]1]
FronKart [B21[[2]]1[[1, 311, B21[[2]11[[1, 411]
BaseCart 21 = ReduceToBaseFr ameCf t Frane [M22, B21]
Faktor = {1, 500, 1, 500}
Sl 2 = Show[Tabl e[
G aphi cs3D[{Red, Dashed, Arrow[{{0, O, 0}, Faktor [[i 1] BaseCart21[[i]11}1}]1, {i, 4}11;

Fi g21 = Show[QG aphi cs3D[{Bl ue, Arrow[{{0, 0, 0}, nA[MC1]}1}1,

Q aphi cs3D[{Bl ue, Arrow[{{0, O, 0}, 500 nR[MC1]1}11}1,

Q aphi cs3D[{Bl ue, Arrow[{{0, O, 0}, nA[M2]}1}1,

Q@ aphi cs3D[{Bl ue, Arrow[{{0, 0, 0}, 500 nR[M22]1}1}], S 2, ViewPoint -» {5, 2, 1}]
BaseCart 21[[1]] - nA[M22]
BaseCart 21[[2]] - nR[M22]
BaseCart 21[[3]] -naA[MZ1]
BaseCart 21[[4]] - nR[MCL]

{{3. 84374 x 10725, {a—-1.05, op-1., € >0.001, ep - -0.002,
L - -0.54415, 0 —» 31.4971, w - -21.3131, tper - -21.6911, x - -33. 6013}},

{{{0., 0., 1.02469}, {0.00105, 0., 0.}, {0.0419758, -0.515986, 0. 855566},
{0. 00146541, 0.00119613, 0.000649482}, {0.2, 0.3} }}}

0., 2.77556 x1017, 0. }

2. 76446 x 1014, 6. 14508 x 1014, 5. 66214 x 10‘15}

{
[-9.87058 1016, ~1. 82905 x 105, -1. 64365 x 10°2°}
{
{

-1.25148x10°, -2.51719x 1014, -1.60288 x 1013}
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err = FronKart [BaseCart21[[1]], BaseCart21[[2]]] - M2

{—2. 22045 x 10716, _1.98539 x 10715, 2. 22045 x 10716, 2. 22045 x 1016,

0., -0. 20000000000OOOOOO0000000000OOOOO00OOOOOOOOOOOOOOOOOOOOOOOOOO}
err =FronKart [BaseCart 21[[3]], BaseCart21[[4]]] - M1

{—2. 22045 x 10716, _2. 08674 x 10714, -8. 77076 x 10715, 1.03917 x 10-%,
9. 37206 x 1012, -0. 300000000000000000000000000000000000000000000000000000000000}
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B13 = ResitevKart [Ti mTbl 13, {1.0, 1.00001, 0.0021, 0.0015, 0.0001, 0.5, -0.5, 0.2, 0.7}]
FronKart [B13[[2]1[[1, 111, B13[[2]11[[1, 2]]1]
FronKart [B13[[2]]1[[1, 311, B13[[2]11[[1, 411]
BaseCart 13 = ReduceToBaseFr ameCf t Fr ane [MC1, Bl13]
Faktor = {1, 500, 1, 500}
S13 = Show[Tabl e[
G aphi cs3D[{Red, Dashed, Arrow[{{0, O, 0}, Faktor [[i 1] BaseCart13[[i 11}1}1, {i, 4}11;

Fi g13 = Show[QG aphi cs3D[{Bl ue, Arrow[{{0, 0, 0}, nA[MC1]}1}1,

Q aphi cs3D[{Bl ue, Arrow[{{0, O, 0}, 500 nR[MC1]1}11}1,

Q aphi cs3D[{Bl ue, Arrow[{{0, O, 0}, nA[MC3]}1}1,

Q@ aphi cs3D[{Bl ue, Arrow[{{0, 0, 0}, 500 nR[MZ3]1}1}], S13, ViewPoint -» {5, 2, 1}]
BaseCart 13[[1]] - nA[MC1]
BaseCart 13[[2]] -nR[M1]
BaseCart 13[[3]] - nA[MZ3]
BaseCart 13[[4]] - nR[MC3]

[{6.9104x10?", {a > 1., op > 1., € - 0.00150002, ep - 0. 00200003,
L > 4.13764x10°°, Q- 112. 242, w - -112. 242, tper - 0. 299994, X - 0. 700006 },
{{(0., 0., 0.999999}, {0.00150001, 0., 0.}, {-3.12299x106, -2.71421x10°, 0.999998},
(000200002, -3.92977 %10, 6.24604 x10°}, {0. 700006, 0.299994}}}}

{4. 87073 x 1077, -2.81212 %1077, 6.70271 x 10’7}

{0. 0000720925, -0. 000435358, -0.000235043}
{2.18374x10°, -1.42802x10°, -3.32833x10°}
{-0. 0000720922, 0. 000435396, 0. 000235067}

err = FronKart [BaseCart 13[[1]], BaseCart13[[2]]] - MC1

{—6. 65024 x 1014, -0. 000499983, 1.11022x10716, 0., -4. 44089 x 106,
-0. 300000000000000000000000000000000000000000000000000000000000}
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err = FronKart [BaseCart 13[[3]], BaseCart13[[4]]] - M_3

{—6. 66134 x 10714, 0. 000500028, 4. 1351 x 106, —2.25308 x 1077, -1. 79226 x 1075,
-0. 7000000OOOOOOOOOOOOOOOOOOOOOOOO0000OOOOOOOOOOOOOOOOOOOOOOOOO}

B31 = Resi tevKart [Ti mTbl 31, {1.0, 1.00001, 0.00021, 0.0014, 0.001, -0.5, 0.5, 0.2, 0.7}]
FronKart [B31[[2]1[[1, 1]], B31[[2]]1[[1. 2]1]
FronKart [B31[[2]1[[1, 311, B31[[2]11[[1, 411]
BaseCart 31 = ReduceToBaseFr aneCf t Frame [MC3, B31]
Faktor = {1, 500, 1, 500}
S31 = Show([Tabl e[
Q aphi cs3D[{Red, Dashed, Arrow[{{0, O, 0}, Faktor [[i ]] BaseCart31[[i 11}1}1, {i, 4}11;

Fi g31 = Show[G aphi cs3D[{Bl ue, Arrow[{{0, O, 0}, nA[MCLl]}1}1,

@ aphi cs3D[{Bl ue, Arrow[{{0, 0, 0}, 500 nR[MC11}1}1,

Q aphi cs3D[{Bl ue, Arrow[{{0, O, 0}, nA[MC3]}1}1,

Q aphi cs3D[{Bl ue, Arrow[{{0, O, 0}, 500 nR[MZ3]1}1}], S31, ViewPoint -» {5, 2, 1}]
BaseCart 31[[1]] - nA[MC3]
BaseCart 31[[2]] - nR[MC3]
BaseCart 31[[3]] -nhA[MC1]
BaseCart31[[4]] -nR[M1]

{{1.88779x10%, {a> 1., ap->1., €-0.0015, ep - 0.002,
L > -3.30441x107, @ 0.618641, w - -0.618641, tper - 0.3, x > 0.7}},

{{10., 0., 0.999999}, {0.0015, 0., 0.}, {-1.91632x107, 2.69199x 107, 0. 999998},
{0.00199999, 3.12162x10%2, 3.83263x101°}, (0.7, 0.3}}}]

]
|
~5.85088 x 1014, 3.37508 x 1014, -8, 06022 x 1014

{—1. 02261 x 10711, 6.1754 x 1011, 3.334 x 10’11}
{—1. 92607 x 1077, -2. 67046 x 1077, 2.79242 x 10’8}

2.01641 x 10719, -6.90478 x 10711, 3. 24816 x 10‘10}
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err =FronKart [BaseCart31[[1]], BaseCart31[[2]]] - M3

{2. 66454 x 10715, 7. 09207 x 1011, 1.11022 x 10716, —4. 44089 x 1016,

0., -0. 7000000000000000000000000OOO000O00OOOOOOOOOOOOOOOOOOOOOOOOOO}
err =FronKart [BaseCart31[[3]], BaseCart31[[4]]] - M1

{2. 44249 x 10715, 6. 35002 x 10711, -4. 34426 x 108, -5.09613 x 107, 3. 91947 x 107,
-0. 3000000OOOOOOOO00OOOOO00OOOOOOOO000OOOOOOOOOOOOOOOOOOOOOOOOO}

G aphi csArray [{{F 912, Fig21}, {Fi 913, Fig31}}]







BIBLIOGRAPHY

L. Arona, J. Pulido, F. Soualle, A. Fernandez, and M. Sanchez-Nogales. GNSSPLUS, Final
Report. GNSSPLUS-DMS-TEC-FIR01-11-E-R, 2006. URL http://esamultimedia.esa.
int/docs/gsp/completed/C20105ExS . Pdf.

B. Coll and J. M. Pozo. Relativistic positioning systems: the emission coordinates. Class.
Quantum Grav., 23:7395-7416, 2006. doi: 10.1088/0264-9381,/23/24/012.

B. Coll, J. J. Ferrando, and J. A. Morales-Lladosa. Newtonian and relativistic emission
coordinates. Phys. Rev. D, 80(6):064038, 2009. doi: 10.1103/PhysRevD.80.064038.

B. Coll, J. J. Ferrando, and J. A. Morales-Lladosa. Positioning systems in Minkowski space-
time: from emission to inertial coordinates. Classical and Quantum Gravity, 27(6):065013,
2010a. doi: 10.1088/0264-9381/27/6,/065013.

B. Coll, J. J. Ferrando, and J. A. Morales-Lladosa. Positioning in a flat two-dimensional
space-time: The delay master equation. Phys. Rev. D, 82(8):084038, 2010b. doi: 10.1103/
PhysRevD.82.084038.

P. Delva, U. Kosti¢, and A. Cadez. Numerical modeling of a Global Navigation Satellite

System in a general relativistic framework. Advances in Space Research, 47:370-379, 2011.

G. Petit, B. Luzum, and et al. IERS Conventions (2010). IERS Technical Note, 36:1, 2010.
URL http://www.iers.org/nn_11216/SharedDocs/Publikationen/EN/IERS/Publications/
tn/TechnNote36/tn36, templateld=raw, property=publicationFile.pdf/tn36.pdf.

I. Rodriguez-Pérez, C. Garcia-Serrano, C. Catalan Catalan, A. M. Garcia, P. Tavella, L. Gal-
leani, and F. Amarillo. Inter-satellite links for satellite autonomous integrity monitoring.
Advances in Space Research, 47:197-212, 2011.

A. éadez, U. Kosti¢, and P. Delva. Mapping the Spacetime Metric with a Global Naviga-
tion Satellite System - Final Report, 2010. URL http://www.esa.int/gsp/ACT/doc/ARI/
ARI Study  Report/ACT-RPT-PHY-ARI-09-1301-MappingSpacetime-Ljubljana.pdf.

71






	Introduction
	The ABC concept
	Notations
	Minkowski space-time
	Mutual constants of motion
	Construction of a reference system
	Toward a measurement of spacetime curvature

	Keplerian motion
	Schwarzschild space-time

	Numerical implementation
	Robustness of the method
	Local/global minimum
	Number of points per orbit
	Number of orbits
	Clock noise

	Construction of a constellation

	Conclusion et annexes
	Conclusion
	Schwarzschild equations
	From mutual to global constants of motion


